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Department of Mechanical Engineering, University of Bath
Engineering Mathematics S1 ME12002

Problem Sheet 5 — Integration by Parts

1 Obtain the following integrals.
(a) /:135 cos ax dx, (b) /ws sin ax dz, (c) /wse‘w dex, (d) /:Bseajm dx.
(e) Can you find the integral, /m e % dx, directly from the answer to part (c)?
(f) Have you seen the real part of the answer to Q1ld before? And the imaginary part?

Al. These are all integration by parts examples. For convenience and minimisation of effort | will, of course, use
the ‘Rees’ method.

5 5] rsin bz 4 cos bx 3 sin bx
(a) /cc cosbrdr = {:c” b }—[53}“— b2 }+{20m”— s ]

~[oo0a?] [%5] + [120] [F55] - 120][- 557 e

cos bx

_ Sinbe [(bm)5 — 20(bz)® + 120(b:c)]

5 s 5 cos bx 4 sin bx 3] [cos bx
(b) /m sinbx dx = [m“— 5 }—[53}”— b2 :|+[20:B}{ s ]

] ¢ 5 5

[5(b:c)4 — 60(bx)? + 120} te

- C;)GS bx [(bw)f’ — 20(ba:)3 + 120(1):1:)} 06 [5(1):1:)4 N 60(biL‘)2 1120 4 e
0 freman P - ]+ ][

fona [ 2]+ o] 5] fan] 5]+

= 2—6 {(a:z:)5 — 5(ax)* + 20(az)® — 60(ax)® + 120(ax) — 120| + ¢

(d) aje . ediT eaiT eIt
/ Seviz dz = [a7] [ - | - [5a1] [a2j2] + [2007] [a3j3}
—[6022] [ZZZ} + [120¢] {Z:;} — [120] [ZZ;Z} te

= Wy [(ajw)s — 5(ajz)* + 20(ajz)® — 60(ajz)? + 120(ajz) — 120| + ¢
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Now to tidy up this expression and to separate it into its real and imaginary parts.

. ajx
/:Bse‘””c = (e 7o [(ajac)5 — 5(ajz)* + 20(ajz)® — 60(ajxz)? 4+ 120(ajzx) — 120} +c
aj
ajx
- = [j(a:n)f’ — 5(az)* — 20j(az)® + 60(az)? + 120j(az) — 120} Ny
a

_ cosaz + jsinax [ (5(aw)4 — 60(ax)? + 120) _ j((aw)s — 20(ax)® + 120(aw)) } +c

ab

Cos ax
ab

sin ax
ab

{(aaz)5 — 20(ax)® + 120(a:13)} + {5((1:13)4 — 60(ax)? + 120”

sinax
ab

+ j lﬂ {(aw)‘r’ — 20(ax)® + 120(am)] +

ab

[5(am)4 — 60(az)? + 120” te

(e) Can you find the integral, [ @5e™2® d, directly from the answer to part (c)?

“won

Answer: Just replace all the occurences of “a” by “—a':

e—aw
/:1356_‘”” dr = — 5 {(am)5 + 5(ax)?* 4 20(ax)® + 60(ax)? + 120(ax) + 120| + c.

(f) Have you seen the real part of the answer to Q1d before? And the imaginary part?

Yes, they are the solutions to Qla and Q1b, respectively, i.e. the red and blue solutions in Q1d. In fact this
happens because of the following,

/:Bse‘”‘”c dr = /:135 (cosax + jsinazx) doe = /:135 cos ax dx —i—j/w5 sinax dzx.
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2. Evaluate the following integrals by integrating by parts twice.

(a) / sin ax sinh bx dz, (b) / sin ax cosh bx dz, (c) /

0

oo oo
e *coswxdx, (d) / e  *“sinwzx dx.
0

Can you think of an easy way of doing the last two integrals simultaneously which doesn’t involve integration
by parts? [Hint: consider the solution to Q1f.]

A2,

(a) Let I = /sin ax sinh bx dx. We may choose either function in the integrand to integrate first. Choose the

sinh function, and integrate by parts twice:

I = / sin ax sinh bx dx

= [sin am} [M} B [a cos am} [Sinh bm} N /[—a2 i am} [sinh bm} o

b b2 b2
1 2
= — [b sin ax cosh bx — a cos ax sinh b:c} e

b2 b2

a? 1 . .

— (1 + —)I = — {bsma:c cosh bx — a cos ax sinh b:c}
b2 b2
1
— I = — [b sin ax cosh bx — a cos ax sinh bm] .

a? + b2

Alternatively, if one chooses to integrate the sin function first, then we obtain,

I = / sin ax sinh bx dx

= |—"||sinhbx| — _7 bcoshbx| + _7 b2 cosh bz | dx
cos ax sin ax sin ax

a a? a?
1 2
= — [b sin ax cosh bx — a cos ax sinh bw] ——1
a? a?
b2 1 . .
— (1 + —)I = — {bsmaw coshbxr — a cosax smhbw}
a? a?
— = — [b sin ax cosh bx — a cos ax sinh bw] .
a? + b2
(b) / sinax coshbrdr = ——— [b sin ax sinh bx — a cos ax cosh bm} .
a? + b2

I've missed out the workings. Hopefully no problem there.
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(c) We'll do this one in full. We have
oo
I = / e coswtdt
0
at

- —at t

= [ fomat] [ [t [ et a

IS
%

hence (1 + w—z)I =

a?

SHES

= (> +w?)I =a

a

= I = -
a? 4+ w2

Note that we could have done this by integrating the cosine first rather than the exponential
would yield the same answer.

(d) The answer to this is,

oo
I = / e ¥ sinwtdt = ———.
0 a? 4+ w?

Given our experience with Q1, we can combine the integrals in Q2c and Q2d as follows:

oo

oo
I =/ e % coswt dt—i—j/ e % sinwtdt
0 0

oo

= / e~ ot [cos wt+j sinwt] dt
0
oo

= / e (@—iw)t g¢
0

1

a— jw

_ a+ jw
(a —jw)(a+ jw)

. a—+ jw

T a2 + w2

_ a ny w

T a? 4+ w2 Ja2—|—w2'

. Obviously this

Therefore the real part of I yields the integral in Q2c and the imaginary part the integral in Q2d.
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3. Evaluate

(a) /{ln|m|]2dw, (b) /{ln|m|]3dw, (c) /[ln|w|}ndw, (d) /01 1;11|/:132| dr (use: x'/2Inxz — 0

asx — 0T),

2
(e) / x3 In |z| de, (f) Evaluate Q3a by first using the substitution = eV.
0

A3.In many of these answers | have been lazy in my presentation and have used In « instead of 1n |x|. | originally
had the modulus signs in, but the typesetting looked really ugly. The following is correct when & > 0, of course,
but do replace « by || in your mind whenever it is an argument of the In function.

(a) This may be done by integrating by parts where the second function is 1:

/[lnw]2 de = /[ln:I:]2 X ldx

= [ 22| [«] —/[21”] (] dz (chain rulel)

x
= z[lnzx]? — 2/1n:cdm (on tidying up the integrand)

= z[lnx]? — 2 [m Inx — :c} (using [ In @ da from the notes, or otherwise)
=z[lnz]? — 2zlnz + 2z

= w[[lnw]2 —21n:13+2}.

(b) This follows in the same way.

/[lnm]3dm = /[lnw]3 X ldx

= [tmar] [¢] = [P [e] e

= [[lnm]?’} [:c} —3/[1nm]2 dr

Now we need to evaluate the integral of the square of In « in the same way, but this has already been done in

Q3a. Eventually we will get back to

/[ln:c]Sdm = m[[lnm]?’ — 3[Inz]? 4 6[lnz] — 6.

(c)The same approach yields

/[lnw]" dr = w[[lnw]" —n[nz]" ' +nn—1)[Inz]" 2. + (=) ' (n!)[Inz] + (—=1)"(n!)|.
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These integrals could also be evaluated, and possibly more easily and quickly, by first substituting © = e¥.

A possibly tidier way of writing down this solution is the following:

nx|™ nx|”?! nx|”2 nx
ﬂmﬂmm=meFiJ _%phﬂ+%njmf%"+bﬁwﬁﬂﬁl+knn'

(d) This time we have,
[ e = 2] [ime]] - [ [pe77][1]

1
=0-— 2/ z~ 2 dx using the given limit result and tidying the integral
0

— —2[2::;1/2] !
(0]

= —4.

We expect a negative result because In x is negative within the range of integration.

(e) We have, , . ,
Aw3lnwdw ={%Hlnm}z—/o [%H%]dm
2 .3
:41n2—/ —dz (z*Inz = 0 when = = 0)
o 4
4

€ 2
—4In2 — [—}
1610

=4ln2 — 1.

(f) The substitution is & = e¥ and therefore de = e¥ dy. The integral becomes,
/[lnw]2 de = /yzey dy
= (y* — 2y +2)e¥ +c  (integration by parts)

= :c[[ln:c]2 —2lnx+2| +c (returning to x)

Although Q3a uses integration parts as well, it has to execute each of them one-by-one and therefore it is slow
relative to this method which starts with a substitution.
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4. The mandatory silly integral: /sin(:c) ln{tan(g + —)} dx.

A4. Yes, this one is silly from the point of view that there is no way one is going to attempt to integrate the log
function. However, one can differentiate it. Using the chain rule we obtain,

d z 1 2
Eln <tan(§ + Z)> = tan(z/2 + 7/4) X sec”(x/2 + w/4) X %

_ cos(xz/2 + mw/4)
2sin(x/2 + w/4) cos?(x/2 + w/4)

1 . 1 1
2sin(x/2 + w/4) cos(x/2 + w/4)  sin(x + w/2) cosx

We are now in a position to perform the integration:
. r r T 1
/sm(w) In (tan(g + Z)> de = [— cos w} {ln (tan(g + Z))] - /[— cos :B} [coscc} dx

= —(cos x)ln (tan(g + %)) + x4+ c.

oo
5. Use integration by parts once to obtain a formula for I,, = x"e ** dx in terms of I,,_; — such a

0
formula is called a Reduction Formula or a Recurrence Relation. Find Iy directly, and use the reduction
formula to evaluate Is. Check your answer by evaluating Ig using integration by parts.

A5. Doing what is asked we get

™
I, :/ e dx
0

= [o] [emesa] = [ nen=] [eme/a] ao
=0+ (n/a) /000 " teT ™ dx

=(n/a)Ilp_1.

Therefore we have an expression for I, in terms of I,,_1; this is what is called a recurrence relation or even
a reduction formula. Now for n = 0 we have,

oo
I, :/ e “dx =1/a.
0

Therefore Iy = 1/a, I, = 1/a? I = (2/a)l; = 2/a3, I3 =3I, = (6/a*) = 3!/a* and so on.

Hence
n!

In:m.



ME12002 Engineering Mathematics S1 ~ Sheet 5 Integration by Parts 8

6. Something weird. Evaluate the following indefinite integral using one integration by parts where you'll choose

to integrate f’ first:
1
I= /— f dx.
!

Can you explain why the answer is incorrect? What happens if you choose to integrate between = a and
x =b?

AG6. Let's do it and see what happens....

-
“[11]- [ L) A e

1
=1+ / 7 fdz (after simplification)

fdx as given

| =

=141
Therefore I = 1 + I which means that 0 = 1. So what has gone stupidly wrong here?

We've omitted the arbitrary constants. That might sound glib, but all indefinite integrals will have an infinite
number of solutions and they differ solely by the value of the arbitrary constant.

OK, so what happens with the definite integral case? We get,

b1
I :/ ?f'dm as given

=[G~ [T-f[fla= e aone

b bq
= [1} +/ 7 fdx (after simplification)

=0+1.

So we don't get much except that I = I, so at least the procedure is self-consistent.

7. Also weird. Define I(a) according to I(a) = / e %" dx, and evaluate this integral. Clearly the value

0
taken by I(a) depends on a, and therefore we can differentiate it with respect to a. Do this and find I’(a)
both as an integral and as a function of a. Continue to differentiate in this way with the aim of eventually

oo
finding/ xte % dz.
0

oo
Using this idea and the solution to Q2c, find / xe” *® coswx dx, the integral of the product of three
0

functions.
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A7. We find that,

e_‘w}oo 1

I(a) :/Oooe_‘””dm: [

We note that the value that I takes depends on the chosen value of a, and therefore I is a function of a. So
now we shall take the a-derivative of the above equation:

—a 10 a

e 1
I'(a) = / —ze “dr = ——. (1)
0 a

Another a-derivative gives,

° 2
I'"(a) = x?e " dr = —.
0 a®

Two more:
oo
I'"(a) = / —x3e " dr = —
0

R
at

o 24
I////(a) — / w4e—aac de = —
0

=
a

We have, of course, assumed that the processes of integration with respect to @ and differentiation with respect

to a may be done in either order; this is generally true. Given the way that the coefficients have accumulated

on the far right hand side of each integral we can say that,

o 4!
/ zle " dr = —.
0 a®
oo
The integral, xe” ** coswx dx, may now be evaluated by taking the a-derivative of the result of Q2c.

0
That result is,
a

oo
J(a,w) = / e *coswrdr = ——.
0 a‘ + w

Therefore,
2 2

oJ 0 a _ w'—a

da %{az—i—cﬂ} - (a? + w?)2’
| have used partial derivative notation here — | shall introduce you formally to it next semester — because J
is a function of both a and w. Hence,

o0
/ —xze *® coswrdr =
0

(12 —w2

oo
—ax
re coswrdr = ————.
/o (a? +w?)?

8. Evaluate the mean and RMS of the following functions
(8) f(t) =2 (0<t<1),
(b) f(t) = sint (0 <t<2m),
() F() = Isint] (0 <t < 2m),
(@) f@)=et (0<t<1).

A8.

(a) The mean and RMS are
1
mean = / t? dt = %
0
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1
— _ 1
RMS = ,//0 tdt = /1.

27
mean = — sintdt = 0.

1 =, 1 [?™1—cos2t 1 1
RMS = —/ sin® tdt = —/ ——dt=\— x7=—.
27 Jo 27 Jo 2 27 V2

(c) For the next function, which is a rectified sine wave, we can consider the standard sine wave between 0 and =
as the function repeats exactly outside of this range. Hence

(b) The mean and RMS are

1 ™ 2
mean——/ sintdt = —[—cost} = —.
T 0 T

RMS = / tdt = / 1_COS2tdt JE e =2
- Sll'l = — T = —.
™ V2

Thus the RMS values of the sine wave and of the rectified sine wave are equal.

(d) The mean is given by
1
mean = / e tdt=1—e"1~0.3679.
0

1
RMS = ,// e~2tdt = /3(1 — e"2) ~ 0.6575.
0

9. This is a set of miscellaneous questions and you may wish to wait until the revision period to tackle

The RMS is

them.

| won't give too many hints about how to do them! Sorry. Some are substitutions but (e) should be done both
as an integration by parts and by using a suitable multiple angle formula. Some will require the use of more than
one method. Questions (g) and (h) are trick questions — it all depends on how quickly you can see the trick.
As a guide (or perhaps a challenge!), when | saw (h) for the very first time (on a youtube video) | managed
5 seconds, and so it was immediately marked up as something that | just had to try out on youl!

2

@ [ sinvEde, ) [ e

(c) /000 e~ da, (d) /16 sin(ln z) dx,

x4+ 3
vVz2 4+ 6x + 10

/2
(e) / sin x cos 5z dx, Q)
0
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oo 7-;/2 [
(g)/ e~ sin 3z dz, (h) Sm dx.
oo 0 Vsinx + y/cosx

R ) s e L U et

A9. In the following | will try to give some reasoning about | would approach these cases.

(a) The principle here is to remove the square root within the sine and hopefully the mess that accrues isn’t too
bad. So, we let = y2. The bookkeeping is:

x =1y? = dx = 2ydy, r=0 = y=0, r=7m"— y=m.

Hence,

Tl'2
I :/ sin vz dx
0

™
= / (siny) 2y dy so we need to integrate by parts
0

™

= 2[[— cos y][y] — [~ siny][1]|_

= 2.

(b)This one looks a bit like the previous one so we'll use the same trick. The bookkeeping is,
m:y2:>da;:2ydy, =0 — y=0, r— 00 — Yy — OO.

Hence,
o0
I = / eV® dx
0
o0

= / e¥ 2y dy again integration by parts
0

= 2[[—e7|ly] - [e7][1]]

oo
0

= 2.

(c) This too displays a similarity to the previous question, so we'll follow the same sort of approach (noting that
this won't work should the integrand have been e=¥" or e=¥"). So we'll let y = /4. The bookkeeping is,

z=y* = de =4y3dy =0 = y =0, T — 0o =—> Yy — oo.
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Hence,
I= / (2_“”1/4l dz
0
= / e Y4y3dy (yes, integration by parts again)
0
— 3 — 2 — — o
= 4[[—6 “Ily"] = [e7¥][3y°] + [—e¥][6y] — [e™7][6]|
= 24.
Given how these last two have worked out, | would guess that / e_ml/n dx, where n is a positive integer,
0

has the value, n!. Do please check this!

(d) We'll remove the log from within the sine by setting = e¥, and then we'll see if it i possible to proceed.
Hence,
zr=¢€eY = dr=eYdy r=1= y=0, r=e = y=1,

and so,

e 1
/ sin(lnz)dx = / siny e¥ dy (will try the complex number route for a change)
1 0

1 1
= Imag/ e¥elVdy = Imag/ eIV dy
0 0

= Imag_—1 e(1+j)y]1

1+ 0

= Imag_%(l -7 (e(1+j) — 1)} (using complex conjugate)

= Imag:%(l =) (e(cosl + jsinl) — 1)}

= L|e(sinl —cos1) — 1} (having taken the imaginary part)

This approach of letting siny = Imag[e?¥ ] can be quicker than when using integration by parts, despite the
number of lines used above.

(e) As requested, we'll do it in two different ways. The first will involve the use of multiple-angle formulae.
We'll use
sin ax cos bx = % [Sin(a + b)x + sin(a — b)m} ,
and so our case reads:
sinx cos 5x = % {sin 6x — sin 4:4 .
Therefore

/2 /2 /2
I = / sin x cos bx = %/ [sinﬁ:v — sin4w} der = %{—1 cos 6x + icos4w =
0 0 0

o=

6
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Alternatively, we may attempt integration by parts.

/2
I = / sin x cos 5x
0

= {— cos :c} [cos 53}} ::/2 — [— sin m} {—5 sin 53}} :/2 + /0‘"/2 {— sin m} [—25 cos 5:B:| dx

= (0—(=1)) — (5 — 0) + 251

= —24] = —4 =>I=%.

Just to note that Integration by Parts may be used whenever one has a product of sines, or of cosines, or of
one of each. The method won't work when the coefficients of « in the sinusoids are equal; Examples include
sin 3x cos 3x. It is worth attempting the following to see the manner in which Integration by Parts fails:

/2
/ sin 3x cos 3x dx.
0

(f) If this didn't have the square root in the denominator, then we could have used completion of the square and
then followed the usual tricks for when one has a linear factor divided by an irreducible quadratic. Perhaps we
might as well start the same way and see what happens.

Given that 2 4+ 6x + 10 = (x + 3)%2 + 1, we can let  + 3 = tan . Hence dx = sec? 6 df. The integral
becomes,

x4+ 3
dx
Vz2 +6x + 10

tan @ 5
= sec” 0 d@,

Vtan?20 + 1

= /tanO sec 0 dO (I'll assume that | don't know that this integral is sec )

sin @
- / a9
cos?2 0

1
= /—— dz = — (using z = cos 0 substitution)
z

cos 6

= +/sec2 0
= /14 tan?%0
= +vz2 + 6z + 10.

Now that looks fishy because we have reproduced the original denominator. This suggests that there may
have been an easier way of doing this. Actually, that easier method is related to the so-called f’/f method.
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The present integrand is actually of the form, f//+/f, and we can use this to determine a much better initial
substitution: let v = x2? 4+ 6z + 10. Given that dv = (2x2 + 6z) dz, or %dv = (z + 3) dx, we have,

1
I:/%dv:ﬁ—l—c:\/mz—i—ﬁm—i—lﬂ—i—c.

4
In general, we may wish to evaluate / % dx where f = f(x) is an unspecified function. Let y = +/f, and

hence,
fl

dy = ﬁdm.

Therefore, ,
=]
—dr= [2dy=2y+c=2Vf+ec.
VT Vi

The big question: can this result be generalised further?

(g) The integral is zero because the integrand is odd and the range of integration is symmetric.

(h) The way that | worked out the solution in my head involved the following two thoughts: (i) the denominator is
even about @ = /4, and (ii) therefore the value of the integral would be exactly the same if | were to replace
the numerator by y/cos z. Given that we now have two integrals with exactly the same value we might as well
add them together:

/2 Vsinx da + /”/2 Vcosx d
T T
0 Vsinx + y/cos x 0 Vsinx + (/cosx

/2 \/sinz + +/cosx
dx
0 Vsinx + y/cosx

/2
= / ldx
0

.

N|=

Hence the required value is half of that, %71’.

2

(i) We'll get rid of the square root in the denominator, so we'll let & = y*. Hence the bookkeeping is,

x =1y? = dx = 2ydy, r=0— y=0, r=1— y=1.
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Hence,

I :/01”1/;“"@
L T2
[

2y dy
1
= 2/ V1 —1y2dy (now use y = sin 0)
0
/2
= 2/ cos 6 cos 6 dO (also note the limits have been changed)
0

/2
= / (cos 20 + 1) do (double angle formula)
0

_ [Sin20 n 0}‘"/2

N|=

() An unusual denominator, but this one makes me think of how we use the complex conjugate when dividing a
complex number by another. So we will start by multiplying both the numerator and the denominator by a
suitable function.

1
I = | ———d
/\/a}—i—l—i—ﬁ ¥

-/ (Va+1- V@) .
(VeF 1+ Vo) (Ve t1- Vo)

_ [T,
(x+1) — (o)

:/[W_ﬁ]dx

= %[(m—i—l):;/z—m?’/ﬂ + c.

(k) We'll let let y = 1 + e® for there doesn't seem to be anything else that suggests itself. The bookkeeping:

y=14e®* — dy = e®der — dz =dy/(y—1), r=0— y=2, T — 0o = Yy — oo.
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The integral becomes,

o 1 e 1
/ —— dx :/ T dy
o l1+e” 2 (y—1y
/°°[ 1 l}d
= — — —|ay
2 ly—1 y

= ()7

= —In %
= In2.
The indefinite integral corresponding to the integrand is
e* 1
In ——, In —.
et +1 l1+e®

16



