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In this paper we consider some unsteady free convection flows of a Bingham fluid when it saturates a
porous medium. These flows are induced by suddenly raising the constant temperature of a vertical
bounding surface from that of the uniform ambient value to a new constant level. As time progresses heat
conducts inwards and this induces flow. We consider both a semi-infinite domain and a vertical channel
of finite width. Of interest here are (i) how the presence of yield surfaces alters the classical results for
Newtonian flows and (ii) the manner in which the locations of the yield surfaces change as time
progresses.
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1. Introduction

Bingham fluids are fluids with a yield stress but which are
otherwise Newtonian, i.e. they have a linear stress–strain relation-
ship once the yield stress is exceeded. These fluids arise in a variety
of natural and industrial settings including the oil industry, agri-
culture and the food processing industry; see for example works
by Barnes [1], Jeong [2], Maßmeyer [3], Shenoy [4] and Sochi and
Blunt [5]. Other commonly-studied yield-stress fluids are Casson
fluids and Herschel–Bulkley fluids, and both of these have a nonlin-
ear stress/strain relationship post-yield.

There currently exists a fairly small body of work which consid-
ers the convection of a Bingham fluid. Many of these are concerned
with convection in sidewall-heated cavities which, for a Newto-
nian fluid, admit flow at all nonzero values of the Rayleigh. When
the cavity is filled with a Bingham fluid, flow is not possible until
the Rayleigh number is sufficiently large that buoyancy forces
are able to overcome the yield stress. In such contexts the critical
Rayleigh number appears to be a multiple of a convective Bingham
number. More detailed information may be gleaned from the
papers by Hassan et al. [6], Turan et al. [7–9], Vikhansky [10] and
Vola et al. [11].
More directly relevant to the present paper are the analyses of
Yang and Yeh [12] and Bayazitoglu et al. [13] who studied free con-
vection in a sidewall-heated channel. Once more, convection arises
whenever the Rayleigh number is sufficiently large, but the veloc-
ity profile is characterised by having two plugs of unyielded fluid
placed symmetrically about the centreline of the channel and mov-
ing in opposite directions — Karimfazli and Frigaard [14] refer to
this as a five-region flow because each plug is surrounded by yield-
ing fluid thereby giving five regions which alternate between yield-
ing and not yielding. The studies contained in [12,13] have been
extended in different directions. For example, Patel and Ingham
[15] also applied a driving pressure gradient and they describe
the transition from the five-region natural convection velocity pro-
file to the more familiar three-region Poiseuille profile where the
unyielded plug is in the centre of the channel. Barletta and Magyari
[16] consider free convection, but one of the boundaries moves
parallel with itself, a Couette flow. The free convective five-region
velocity profile also undergoes a transition to a three-region profile
as the velocity of the boundary increases, but now the two plugs
are attached to the boundaries with yielding fluid in-between.
Karimfazli and Frigaard [14] also consider free convection, but
the temperatures of the bounding surfaces increase linearly with
distance whilst maintaining a constant local difference. They
present a complicated scenario whereby the number of regions
within the velocity profile increases as the convective Bingham
number decreases towards zero; the caveat is that this happens
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Nomenclature

Latin letters
D equal to ln d
FðRbÞ location of the yield surface
g gravity
G threshold body force
K permeability
L length scale
p pressure
px pressure gradient in the x-direction
Q total vertical velocity flux
Ra Darcy–Rayleigh number
Rb Rees–Bingham number
t time
T temperature (dimensional)
T0 ambient (cold) temperature
T1 temperature of heated surface
u vertical Darcy velocity

x vertical coordinate
y horizontal coordinate
z dummy variable

Greek letters
a thermal diffusivity
b coefficient of cubical expansion
d defined in terms of Rb in Eq. (27)
g similarity variation
gy location of yield surface
h temperature (nondimensional)
l dynamic viscosity
q reference density
r heat capacity ratio

Other symbols
� dimensional quantities
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only when the stratification parameter is above 7.8532, otherwise
a five-region flow which is similar to that of Yang and Yeh [12] is
obtained in the small convective Bingham number limit.

It is also important to mention the unsteady analysis of Kleppe
and Marner [17] who consider the boundary layer flow induced by
a semi-infinite uniformly hot surface; this is the Bingham-fluid
analogue of the Newtonian free convective boundary layer prob-
lem that was solved by Ostrach [18]. Using an unsteady solver
written for a Cartesian coordinate system, they determined the
evolution with time of an impulsive change in the temperature
of the bounding surface, and eventually obtained steady solutions
of a one-plug, three-region type.

While undertaking the preliminary literature review for the
chapter by Rees [19], which is concerned with the state-of-
the-art for convection of a Bingham fluid in a porous medium,
the very large number of papers which exists on yield stress fluids
in general includes only a relatively very small handful on convec-
tion in porous media and all of these are on boundary layer flows.
Perhaps the reason for such a void in the literature is a lack of obvi-
ous applications for the convection of a Bingham fluid in porous
media, but, as is always true for yield-stress fluids, there are
numerical difficulties associated with determining where the yield
surface is and perhaps this has deterred research on the topic.

The present paper is part of the beginning of an effort to fill that
void by considering an unsteady free convection problem. We will
consider the effect on a cold saturated porous medium of raising
suddenly the temperature of a vertical bounding surface to a
new constant level. Unlike the paper of Kleppe and Marner [17]
the present idealised configuration does not have a leading edge,
which means that the temperature and velocity field may be
described using a non-similar analysis, and boths fields are inde-
pendent of the vertical coordinate. Heat gradually diffuses from
the hot surface thereby introducing buoyancy forces, and if these
forces are sufficiently large then flow will arise. In this type of
problem the induced flow field may be found analytically, and it
is possible to determine the locations of the yield surfaces numer-
ically using a simple Newton–Raphson scheme. Two cases are
considered, namely convection in a semi-infinite domain and
convection in a channel of finite and constant thickness.
2. Governing equations

One of the earliest papers to consider the flow of a Bingham
fluid in a porous medium is that of Pascal [20]. He presented a
threshold gradient model based on experimental observations
which is the very simplest possible model that may be used. In
one dimension and for isothermal flow it may be written in the
form,

u ¼
�K

l
1� G
jpxj

� �
px when jpxj > G;

0 otherwise;

8<
: ð1Þ

where we use G to denote the threshold gradient (or threshold body
force) above which the fluid yields. We see that the fluid velocity
increases linearly with the pressure gradient, px, once the threshold
is exceeded. A commonly used but more complicated alternative is
the Buckingham–Reiner model (see [21–23]) which is given by,

u ¼
�K

l
1� 4

3
G
jpxj

� �
þ 1

3
G
jpxj

� �4
" #

px when jpxj > G;

0 otherwise:

8><
>: ð2Þ

It may be shown easily that the fluid velocity rises quadratically at
first once the threshold gradient is exceeded but this eventually
relaxes to a linear variation. In the present paper we will confine
our attention to the threshold model.

Once buoyancy is introduced as an extra body force, the thresh-
old model given in Eq. (1) becomes,

u¼
�K

l
1� G
jpx�qgbðT�T0Þj

� �
px�qgbðT�T0Þð Þ when jpx�qgbðT�T0Þj>G;

0 otherwise:

8<
:

ð3Þ

Here we have assumed that the Boussinesq approximation applies
when writing down the buoyancy term, and T0 is the initial temper-
ature of the porous medium. It is to be noted that we have also
assumed that the threshold gradient, G, is independent of tempera-
ture, and this is equivalent to having a temperature-independent
yield stress in the fluid. Exceptions to this situation include heavy
oils [24] where the fluid becomes Newtonian above the so-called
converting temperature.

In the above equations we have taken x to be the vertical coor-
dinate and u to be the Darcy velocity in the same direction. In this
idealised problem there will be no horizontal velocity, and there-
fore v ¼ 0. (If v had been nonzero then it would be necessary to
alter the yield criterion in Eq. (3) to obtain a pair of momentum
equations which are frame-invariant; see [19].) Therefore we
may allow u to be a function only of the horizontal coordinate, y,



Fig. 1. The location, gy , of the yield surface as a function of log10Rb (continuous
line). Also shown are one term (long dashes), two terms (short dashes) and three
terms (dotted) of the asymptotic series given in (29).
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and time, t, and so the equation of continuity is satisfied. The final
equation is that for the heat transport,

rTt þ uTx þ v Ty ¼ a Tx x þ Ty y

� �
: ð4Þ

Here r is heat capacity ratio between the porous medium and the
saturating fluid, and a is the thermal diffusivity of the porous med-
ium. We may also allow T to be a function solely of y and t, and
therefore Eq. (4) reduces to,

rTt ¼ aTy y: ð5Þ

The governing equations, namely Eqs. (3) and (5), may be non-
dimensionalised using the following scalings,

ðx; yÞ ¼ Lðx; yÞ; u ¼ a
L

u; p ¼ al
K

p;

T ¼ T0 þ ðT1 � T0Þh; t ¼ rL2

a
t; G ¼ al

KL
Rb; ð6Þ

where T1 is the temperature of the hot surface, and we obtain,

u ¼
Rah� px � Rb; Rb < Rah� px;

0; �Rb < Rah� px < Rb;
Rah� px þ Rb; Rah� px < �Rb

8><
>: ð7Þ

and

ht ¼ hyy: ð8Þ

In the above the Darcy–Rayleigh number is given by

Ra ¼ qgbðT1 � T0ÞKL
la

; ð9Þ

and the parameter,

Rb ¼ KL
la

G: ð10Þ

This latter parameter appeared for the first time in [19] and it is
clearly a scaled version of the yield pressure gradient, G. Given
the presence of K and a, it may be more properly termed a porous
convective Bingham number. However, there is already a Bingham
number which is used in other contexts, and therefore (10) will
be referred to hereinafter as the Rees–Bingham number.

A lengthscale, L, was introduced in Eq. (6) without comment.
When we consider convection in a channel later, L may be taken
to be the dimensional width of that channel, but in the semi-infi-
nite domain there is no natural physical lengthscale that may be
used. However, as the Darcy–Rayleigh number also includes L,
one may set Ra ¼ 1 to give

L ¼ la
qgbðT1 � T0ÞK

; ð11Þ

as a lengthscale based upon the fluid and porous medium proper-
ties. This type of analytical device has been used in other studies
[25,26]. The other possible alternative would be to use L ¼

ffiffiffiffi
K
p

,
but this yields a length corresponding to the pore or particle scale.
Thus we will use the value of L given in Eq. (11) for the semi-infinite
domain, and take L to be the width of the channel for the channel
problem.

The initial condition in nondimensional form is simply that
h ¼ 0 at t ¼ 0. For both cases we have h ¼ 1 at y ¼ 0, while we have
h! 0 as y!1 for the infinite domain, and h ¼ 0 at y ¼ 1 for the
vertical channel.

3. The semi-infinite domain

We consider first the free convective motion which is set up by
suddenly raising the temperature of a vertical bounding surface
from a nondimensional value of zero to h ¼ 1. As has already been
discussed we are setting Ra ¼ 1 in this case.

The solution of Eq. (8) for h is well-known and may be
found either by using Laplace transforms, or else by means of a
self-similar analysis. It takes the form,

h ¼ erfcg ¼ 2ffiffiffiffi
p
p

Z 1

g
e�n2

dn; ð12Þ

where g ¼ y=2
ffiffi
t
p

.
In an infinite domain we expect the suddenly-heated surface to

provide only upward movement of the fluid, and therefore we may
set px ¼ 0. This means that the hydrostatic component of the
vertical pressure gradient corresponds precisely to that for the
ambient fluid at h ¼ 0. When the fluid near the boundary is heated
up, the buoyancy force then induces only upward motion.
Therefore Eq. (7) simplifies to,

u ¼
h� Rb when Rb < h

0 when h < Rb:

	
ð13Þ

Clearly, one implication of this is that flow is induced only when
Rb < 1. For larger values of Rb the buoyancy force is insufficient
to cause the fluid to yield.

The total velocity flux may now be determined as a function of
both Rb and time. If we define gy (where the subscript, y, denotes
yield) to be where the yield surface is, then gy satisfies

erfcgy ¼ Rb: ð14Þ

The variation of gy with log10Rb is shown in Fig. 1. The Figure con-
firms that flow arises only when Rb < 1 since the region below the
curve is that where the fluid moves, while the region above
corresponds to a stagnant medium. It is of interest to note how
slowly the yield surface varies as Rb decreases; even when
Rb ¼ 10�10 the yield surface is at gy ¼ 4:5728 although it has also
to be said that, at such large values of g, the value of erfcg is
super-exponentially small. If one were to use the approximation,

erfc ðzÞ � e�z2ffiffiffiffi
p
p

z
ðz� 1Þ; ð15Þ
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then it is possible to determine the following leading order expres-
sion for gy

gy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� lnð

ffiffiffiffi
p
p

RbÞ
q

ð16Þ

for small values of Rb, and this explains the very slow increase in gy

as Rb! 0. A much more precise expression for gy in terms of Rb is
given in Appendix A.

Having found the value of gy in terms of Rb, the variation with
Rb of the fluid flux is now given by

Q ¼
Z 1

0
udy ¼ 2

ffiffi
t
p Z gy

0
ðerfcn� RbÞdn ¼ 2

ffiffi
t
pffiffiffiffi
p
p ð1� e�g2

y Þ

� 2
ffiffi
t
pffiffiffiffi
p
p FðRbÞ: ð17Þ

The variation of FðRbÞ with Rb is given in Fig. 2, for reference, and
we see how this scaled fluid flux decreases towards zero as
Rb! 1, as expected. The small-Rb behaviour of FðRbÞ is also given
in Appendix A.

These Figures confirm that free convective boundary layer flow
is possible for the suddenly-heated problem in an infinite domain
provided that Rb < 1 or, equivalently that the threshold body force
satisfies the relation,

G < qgbðT1 � T0Þ: ð18Þ

We note that this criterion is independent of L, and we see that the
maximum threshold body force is determined solely by the
strength of the buoyancy forces.

4. The vertical channel

We begin with Eqs. (7) and (8). The cavity is assumed to be very
tall but of finite height. Apart from turning regions at the top and
the bottom of the cavity, the flow, when it arises, will be parallel
and will be dependent only on y and t. Thus there will be no mean
flow up the cavity at any time. We may also allow the domain to
have unit width; this simply means that we have used the dimen-
sional width as the lengthscale, L, and therefore the Darcy–Ray-
leigh number appears as a parameter.

We consider the situation where h ¼ 1 on y ¼ 0 and h ¼ 0 on
y ¼ 1, with the initial condition, h ¼ 0. The solution of (12) is found
quite easily using a Laplace transform in time; we find that,
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0
F (Rb)

Rb

Fig. 2. The function FðRbÞ as given by Eq. (17).
h ¼
X1
n¼0

erfc gþ nffiffi
t
p

� �
� erfc

nþ 1ffiffi
t
p � g

� �� �
: ð19Þ

Some temperature profiles at selected times are shown in Fig. 3
which shows the transition from an isolated complementary error
function solution at early times towards the final simple linear
profile.

As mentioned above, the fact that flow will take place within a
finite cavity, albeit one which is tall, means that the upward flow
which is induced by the heated surface must be balanced by an
opposing downward flow near the colder vertical surface. This
overall zero net upward fluid flux cannot be sustained by allowing
px to be zero for all time, as is the case for the infinite domain. Thus
the value of px must vary in time in order to maintain the zero-ver-
tical-flux condition. But the circulation which is induced must also
be characterised by having a central unyielded region. Working in
terms of g, we may say that the two yield surfaces may be located
at g1 and g2 where g1 < g2, and these values are given by,

Rahðg1; tÞ ¼ px þ Rb; ð20Þ
Rahðg2; tÞ ¼ px � Rb; ð21Þ

see Eq. (7). The zero mean vertical fluid flux condition may be
imposed by first defining g3 ¼ 1=ð2

ffiffi
t
p
Þ (which is equivalent to

y ¼ 1), we therefore need Q ¼ 0 where,

Q ¼ Ra�1
Z g3

0
udg

¼
Z g1

0
h� px

Ra
� Rb

Ra

� �
dgþ

Z g3

g2

h� px

Ra
þ Rb

Ra

� �
dg: ð22Þ

The integrations may be performed analytically and therefore we
obtain,

Q ¼ px

Ra
�g1þg2�g3ð ÞþRb

Ra
�g1�g2þg3ð Þ

þ 1ffiffiffiffi
p
p

X1
n¼0

e�½g0þn=
ffiffi
t
p
�2 þe�½ðnþ1Þ=

ffiffi
t
p
�g0 �

2

�e�½g1þn=
ffiffi
t
p
�2 þe�½ðnþ1Þ=

ffiffi
t
p
�g1 �

2h i

þ 1ffiffiffiffi
p
p

X1
n¼0

e�½g2þn=
ffiffi
t
p
�2 þe�½ðnþ1Þ=

ffiffi
t
p
�g2 �

2

�e�½g3þn=
ffiffi
t
p
�2 þe�½ðnþ1Þ=

ffiffi
t
p
�g3 �

2h i

�
X1
n¼0

g0þn=
ffiffi
t
p
 �

erfc g0þn=
ffiffi
t
p
 �h

þ ðnþ1Þ=
ffiffi
t
p
�g0


 �
erfc ðnþ1Þ=

ffiffi
t
p
�g0


 �i
þ
X1
n¼0

g1þn=
ffiffi
t
p
 �

erfc g1þn=
ffiffi
t
p
 �h

þ ðnþ1Þ=
ffiffi
t
p
�g1


 �
erfc ðnþ1Þ=

ffiffi
t
p
�g1


 �i
�
X1
n¼0

g2þn=
ffiffi
t
p
 �

erfc g2þn=
ffiffi
t
p
 �h

þ ðnþ1Þ=
ffiffi
t
p
�g2


 �
erfc ðnþ1Þ=

ffiffi
t
p
�g2


 �i
þ
X1
n¼0

g3þn=
ffiffi
t
p
 �

erfc g3þn=
ffiffi
t
p
 �h

þ ðnþ1Þ=
ffiffi
t
p
�g3


 �
erfc ðnþ1Þ=

ffiffi
t
p
�g3


 �i
;

ð23Þ

where we use the definition, g0 ¼ 0, to preserve the symmetry of
this formula.

The aim then is, for given values of Rb=Ra and t, to solve Eqs.
(20) and (21) and Q ¼ 0 simultaneously to obtain the values of
px=Ra;g1 and g2, where Q is given by Eq. (23). This was undertaken
by a straightforward three-dimensional Newton–Raphson scheme
where numerical differentiation was used to derive the Jacobian
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Fig. 3. Temperature profiles for the tall channel at t ¼ 0:001;0:002;0:005;
0:01;0:02;0:05;0:1;0:2 and 0:5.
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Fig. 5. Variation with time of the value of px=Ra; for Rb=Ra ¼ 0:01 (dotted line),
0:1;0:2;0:3;0:4;0:45 and 0:48 (dashed line).
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matrix. The results we present are essentially exact to machine
accuracy (Fortran double precision).

The behaviour of the resulting flow in the channel may be
understood with reference to Figs. 4–7. Fig. 4 shows how the posi-
tions of the yield surfaces vary in time for different values of Rb=Ra.
Whenever Rb=Ra is nonzero there are always two yield surfaces. At
early times the thermal boundary layer is concentrated near the
hot surface, and therefore the locations of the yield surfaces move
away from that surface as time progresses. At late times, the tem-
perature profile is linear, and therefore the yield surfaces are
located at equal distances either side of y ¼ 1=2 in all cases. In gen-
eral, the width of the unyielded region is small when Rb=Ra is
small, but it increases as Rb=Ra increases, finally filling the whole
channel when Rb=Ra ¼ 1=2. Thus the presence of a right hand cold
- 6 - 5 - 4 - 3 - 2 - 1 0 1
0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

y

log10 t

Fig. 4. Locations of the yield surfaces as functions of time for Rb=Ra ¼ 0:01 (dotted
lines), 0:1;0:2;0:3;0:4;0:45 and 0:48 (dashed lines). Each value of Rb has two yield
surfaces, and the fluid is stationary between these two surfaces.

Fig. 6. Variation with time of the maximum and minimum fluid velocities for
Rb=Ra ¼ 0:01 (dotted lines), 0:1;0:2;0:3;0:4;0:45 and 0:48 (dashed lines). Curves
which lie above the line, u ¼ 0, represent the maxima while those below represent
the minima.
boundary alters the condition for flow to arise from Rb=Ra < 1 in
the case of an infinitely large domain to Rb=Ra < 1=2 in a finite
domain; in dimensional terms this is equivalent to

G <
1
2
qgbðT1 � T0Þ: ð24Þ

When t is large the temperature field has reached a steady state,
and we note that an overall zero fluid flux up the layer must now
correspond to px ¼ 1

2 Ra. This value of px may be regarded as being
equivalent to changing the reference temperature in the nondi-
mensionalisation given in Eq. (6) from T0, the cold boundary (or
ambient) temperature, to ðT1 þ T0Þ=2, which is the mean tempera-
ture of the two walls.



Fig. 7. Velocity profiles for Rb=Ra ¼ 0:01 (dotted lines), 0:1;0:2;0:3;0:4 and 0:45 (dashed lines). Individual frames correspond to the times indicated.
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The overall variation of px=Ra with time is shown in Fig. 5. At
early times px=Ra is very slightly above the value of Rb; given the
form of Eq. (7) (third case), this allows for a very small but negative
velocity in almost the whole cavity, and this balances a strong
upward flow in the very thin thermal boundary layer near y ¼ 0.
Then, as time progresses, px adjusts towards the value, 1

2 Ra.
Fig. 6 illustrates how the maximum and minimum vertical

velocities evolve. At early times there is a strong upward flow at
y ¼ 0 and a very weak downward flow at y ¼ 1, as mentioned
above. As time progresses the system transforms into one where
eventually the magnitudes of the maximum and the minimum
are equal. Due to the retardation of the microscopic yield stress,
the overall magnitude of the velocities at all times decreases as
Rb increases. Thus when Rb is just below 1

2 Ra the only fluid motion
arises close to the two vertical boundaries with stationary fluid
occupying most of the width of the channel.

Finally, Fig. 7 shows how the induced velocity profiles depend
on both Rb=Ra and t. For each choice of Rb=Ra there is range of val-
ues of y for which u ¼ 0, details of which are given in Fig. 4, but
they are seen explicitly here. Also seen clearly is the way in which
the overall strength of the flow decreases with increasing Rb, and
how the stagnant region moves towards the centre of the channel
as t increases. The value, t ¼ 0:5 is almost indistinguishable from
the ultimate steady state and here the velocity profile is piece-
wise-linear.
5. Conclusions

In this paper we have considered the effect of the presence of a
yield threshold on convection induced by suddenly heating a ver-
tical surface bounding a porous medium. The temperature profile
evolves in time in a manner which is independent of the fluid
and, given that there is no time-derivative in the momentum equa-
tion, the flow, which arises only when the Rees–Bingham number
is sufficiently small, reacts instantaneously to the changing tem-
perature field.

We have found that convection happens in an infinite domain
when the threshold gradient satisfies G < qgbðT1 � T0Þ and in a
finite channel when G < 1

2 qgbðT1 � T0Þ — the sole reason for this
difference is due to the requirement of a zero upward fluid flux
for the channel. For both domains, the region of unyielded flow
varies with time, and in the channel it eventually tends towards
the middle of the channel. For the channel we also see that the



Table 1
Comparison of the asymptotic expansion for the location of the yield surface with the exact data given by solving (25) numerically.

log10� 1 Term 2 Terms 3 Terms 4 Terms Exact

�1 1:31537833 1:21117853 1:12731613 1:20805578 1:16308715
�2 2:00818456 1:83458720 1:81773758 1:82353158 1:82138637
�3 2:517020 13 2:33365336 2:32576817 2:32715218 2:32675377
�4 2:93904328 2:75563596 2:75068224 2:75118708 2:75106391
�5 3:30765181 3:12682285 3:12323560 3:12346328 3:12341327
�6 3:63911330 3:46163325 3:45881877 3:45893482 3:45891074
�7 3:94280747 3:76883333 3:76651192 3:76657563 3:76656258
�8 4:22472671 4:05418851 4:05220845 4:05224495 4:05223724
�9 4:48897548 4:32171856 4:31998897 4:320010 24 4:320005 38
�10 4:73851095 4:57435358 4:57281590 4:57282820 4:57282497
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hydrostatic pressure gradient needs to evolve in time in order to
maintain an overall zero upward flux of fluid.

Finally, we note that if we had taken the Buckingham–Reiner
law (Eq. (2)) instead of the threshold law (Eq. (1)) as the governing
momentum equation, then the yield surfaces presented here
would be unaltered. However, there would be slight quantitative
changes in how px varies in time and in the velocity profiles them-
selves where the magnitude of the velocity at any point will be
reduced by a small amount. An identical comment about the posi-
tion of the yield surface may be made for Casson and Herschel–
Bulkley fluids, but the strength of the induced flow could alter
quite substantially from what has been presented here. For exam-
ple, for the Herschel–Bulkley fluid, the effective viscosity is very
high immediately post-yield when it is a shear-thinning fluid,
and therefore there would be a strong reduction in the resulting
flow strength. The opposite conclusion applies for a shear-thicken-
ing fluid. These changes are routine to determine and are not pre-
sented here.
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Appendix A

The primary aim of this Appendix is to provide an asymptotic
analysis of the small values of � of the solution of

erfcg ¼ � ð25Þ

(i.e. Eq. (14)) where the value of g is the location of the yield
surface.

It is straightforward to show that a large-g expansion for erfcg
is

erfcg ¼ e�g2

g
ffiffiffiffi
p
p 1� 1

2g2 þ
3

4g4 þ � � �
� �

: ð26Þ

It proves very convenient to work with d as the small parameter
instead of � where d is defined according to

e�1=d2 ¼ �
ffiffiffiffi
p
p

; i:e: d ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ln �

ffiffiffiffi
p
p� �q : ð27Þ

Therefore we are solving,

e�g2

g
1� 1

2g2 þ
3

4g4 þ � � �
� �

¼ e�1=d2 ð28Þ

and it is clear that the leading order solution will be g � d�1.
Subsequent terms in the series for g in terms of d take the form

of odd integral powers of d with coefficients that are polynomials
inD ¼ ln d. By straightforward substitution and the equating of like
terms, it is possible to show that,
g ¼ 1
d
þD

2
d�D

2 þ 2Dþ 2
8

d3 þD
3 þ 4D2 þ 8Dþ 7

16
d5 þ OðD4d7Þ:

ð29Þ

Comparison of one, two and three terms of this series with the
numerically-obtained values are shown in Fig. 1 and above in
Table 1.

It is clear that even two terms in the series provides extremely
accurate approximations of the exact solutions even though the
series progresses in terms of the square root of the logarithm of
�� and logarithms of that, and would therefore be expected to con-
verge exceptionally slowly as Rb decreases towards zero. But here
we see that there is an error in the two-term series of less than 1%
when � ¼ 10�2, and this reduces to 0.1% when � ¼ 10�5. These per-
centage errors reduce to 0.1% and 0.002%, respectively, when tak-
ing four terms.

It remains now to substitute Eq. (29) into Eq. (17) to find the
small–� behaviour of FðRbÞ, which is also shown in Fig. 2. Therefore
we find that,

FðRbÞ¼1�e�g2 ¼1��
ffiffiffiffi
p
p

d
1þDþ1

2
d2�D

2þ4Dþ6
8

d4þOðD3d6Þ
� �

:

ð30Þ

Consideration of the behaviour of the second term in this series
shows that the slope of the curve is infinite at Rb ¼ 0, but that it
is a very weak singularity indeed.
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