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We study the onset of convection within a rectangular porous cavity which is saturated with a Bingham fluid and

subjected to a uniform internal heat generation. When such a cavity is saturated by a Newtonian fluid, convection

takes place at all nonzero values of the Darcy–Rayleigh number, Ra. In such cases convection takes the form of two

contrarotating cells with flow down the cold sidewalls when Ra first increases from zero. However, when the enclosure

is saturated by a Bingham fluid, then we find that the cavity remains stagnant until the Darcy–Rayleigh number is

sufficiently large that buoyancy overcomes the yield threshold. Numerical solutions are obtained using a second-order

accurate finite-difference methodology where convergence is accelerated using line relaxation. The presence of the yield

surfaces, which mark the boundaries of stagnant regions, is modelled by means of a regularization of the yield threshold.

It is found that the critical value of Ra above which convection arises depends roughly linearly on the value of Rb, which

may be described as a convective porous Bingham number. When the cavity has a sufficiently large aspect ratio, the

fluid admits more than one stable steady-state solution.
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1. INTRODUCTION

The flow of Bingham fluids in porous media is a well-established topic with a variety of important industrial applica-
tions, particularly some in the oil industry. A Bingham fluidis characterized by having a yield stress, by which it is
meant that the fluid exhibits a zero rate of strain unless the local stresses exceed a critical value called the yield stress.
When such a fluid occupies a pipe and is subject to pressure gradient along that pipe, then no flow arises until the
pressure gradient exceeds a critical value which is dependent on the yield stress of the fluid and the radius of the pipe.
Thereafter the flow consists of two regions, an outer annularregion which exhibits a shearing motion and a central
region which is of the form of a moving but unyielded plug. In the context of porous media, for which this pipe flow
is a simplified model, there is also a critical pressure gradient (or, equivalently, buoyancy forces when the medium is
subjected to heating) below which no flow takes place. At sufficiently large pressure gradients the rate of flow is a
linear function of the pressure gradient. Near the threshold gradient the variation in the rate of flow depends strongly
on the microstructure of the porous medium; see Nash and Rees(2017).

The present work is part of a project which is examining the effect of the presence of a yield threshold on
convective flows of a Bingham fluid in a porous medium. Previous works include some free convective boundary
layer flows (Rees, 2015; Rees and Bassom, 2015, 2016, 2019a,b). Rees (2015) shows that classical free convection
boundary layer flows cannot arise within a semi-infinite domain because of the impossibility of entrainment into
those boundary layers, although this result does not preclude the existence of boundary layers with entrainment in
finite domains. The other four papers are concerned with steady and unsteady one-dimensional boundary layer flows
where entrainment does not occur. Some examples of the computation of the nonlinear convection of a Bingham fluid
may be found in Rees (2016, 2020). The former is concerned with flow within a sidewall-heated rectangular cavity.
For such cavities a Newtonian fluid would begin to convect as soon as the Darcy–Rayleigh number is nonzero, but
when the fluid has a yield stress then a critical value of the Darcy–Rayleigh number needs to be exceeded before
convection ensues. The latter paper forms the Bingham fluid analogue of the Darcy–Bénard problem. In this case the
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NOMENCLATURE

A aspect ratio
B function defined after Eq. (3)
c regularization constant
g gravity
G threshold gradient
H height of the cavity
km conductivity of the medium
K permeability
L width of the cavity
p pressure
q fluid speed
Q rate of heat generation
Ra Darcy-Rayleigh number
Rb Rees–Bingham number

u horizontal velocity
w vertical velocity
x horizontal coordinate
z vertical coordinate

Greek Letters
α thermal diffusivity
β thermal expansion coefficient
θ temperature
θc boundary temperature
µ dynamic viscosity
ρ fluid density
φ proportion of nonstagnant fluid
ψ streamfunction

convection of a Newtonian fluid arises when the Darcy–Rayleigh number exceeds 4π2, but when a Bingham fluid
saturates the medium then the conduction state remains linearly stable. However, it remains possible for strongly
nonlinear convection to arise if a thermal disturbance has asufficiently large amplitude, and the nonlinear onset of
convection is then via a fold bifurcation.

The present paper is concerned with how the presence of a yield threshold alters the stability characteristics of
convection in a rectangular porous cavity which is subject to a uniform internal heating and where all four boundaries
are maintained at the same temperature. This particular configuration has been the subject of quite a large number
of studies when the fluid is Newtonian. When the cavity has a infinite aspect ratio, the basic conducting state, which
is realizable when the Darcy–Rayleigh number is sufficiently small, is independent of the horizontal coordinatex.
Gasser and Kazimi (1976) then used a linearized stability theory to show that convection ensues once Ra exceeds a
certain critical value; Nouri-Borujerdi et al. (2007) subsequently gave this value to be 471.3787 to seven significant
figures. However, when the aspect ratio of the cavity is finitebut large, the basic state consists of two weak circulations
in the end-zones with the maximum temperature being obtained just above the center of the cavity. The transition to a
steady cellular convective state is now smooth in the sense that there is no bifurcation to a strongly convecting regime,
although Choi et al. (1998) found a subcritical bifurcationto an alternative convection pattern where new cells appear
near the middle of the upper surface of the cavity. Eventually the flow becomes unsteady (Banu et al., 1998), and
Banu (2000) indicates that, for example, for a cavity of aspect ratio equal to 2, an unsteady convecting state may
be obtained when Ra is as low as 2200. Barletta and co-workershave also sought to analyze, in turn, the effect of
different boundary conditions, of the inclination of the layer, and horizontal throughflow; see Barletta et al. (2014),
Barletta and Celli (2017), Celli et al. (2016), and Braga et al. (2017). Both Nield and Bejan (2017) and Storesletten
and Rees (2019) list a very substantial number of authors whohave varied the work of Gasser and Kazimi (1976) by
the inclusion of yet more effects.

In this work we shall confine our attention mainly to rectangular cavities with aspect ratios of 1, 2, and 4. Two
further nondimensional parameters govern the flow, namely,the familiar Darcy–Rayleigh number Ra, and the Rees–
Bingham number Rb, which may be regarded as porous convective Bingham number or, equivalently, a balance
between the yield threshold and the applied buoyancy force.The general aims here are twofold: (i) to determine
how the critical value of Ra varies with Rb and the aspect ratio, and (ii) to obtain an understanding of how the fluid
begins to flow once the critical value of Ra is exceeded. Our chosen range of values of Ra is below when one might
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expect persistently unsteady convection of a Newtonian fluid. Given the extra resistance to flow which is caused by
the Bingham fluid, it is ana priori and perfectly reasonable expectation that flows will be steady under otherwise
identical conditions.

2. GOVERNING EQUATIONS

We consider the convection of a Bingham fluid within a rectangular porous cavity where 0≤ x ≤ L and 0≤ z ≤ H.
The four boundaries are impermeable and are held at the temperatureθ = θc.

The simplest unidirectional Darcy–Bingham law was given byPascal (1981) and it may be written in the form
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(1)

whereG is a threshold pressure gradient whose presence is due to theBingham fluid having a yield stress. The values
K andµ denote permeability and dynamic viscosity, respectively,while p is the pressure. This may be extended to a
frame-independent form in two dimensions as follows:
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when buoyancy occurs in the vertical (z) direction, then Eq. (2) may be extended to the form
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whereB =

√

p2
x + [pz−ρgβ(θ− θc)]

2 and where the Boussinesq approximation has been assumed. The equation
of mass conservation takes the familiar form

ux + wz = 0, (4)

while the steady form of the heat transport equation is

uθx + wθz = α

(

θxx + θzz +
Q

km

)

, (5)

whereα is the thermal diffusivity,Q the rate of internal heat generation, andkm the thermal conductivity of the
porous medium.

The governing equations given above may be recast in dimensionless form using the following transformations:

(x, z) −→ H(x, z), (u,w) −→
α

H
(u,w), (6)

θ −→ θc +
qH2

km
θ, p −→

αµ

K
p. (7)

Hence Eqs. (4), (3), and (5) become
ux + wz = 0, (8)
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and
∇2θ+ uθx + wθz + 1 = 0, (10)

respectively, whereB is now given byB =
√

p2
x + (pz−Raθ)2. We note that the final term in Eq. (10) represents

the uniform generation of heat, but some other authors, including Gasser and Kazimi (1976), adopt a slightly different
nondimensionalization and therefore this constant may sometimes take different values. In these equations the value,

Ra=
ρgβ(QH2/km)KH

µα
and Rb=

GKH

µα
(11)

are the Darcy–Rayleigh and Rees–Bingham numbers, respectively; see Rees (2016). The third nondimensional pa-
rameter isA = L/H, the aspect ratio of the cavity.

2.1 Regularization

The simulation of the flow of Bingham fluids is complicated greatly by the need to determine where the yield surface
is. In porous media this locus divides regions of flow from regions which are stagnant. We may motivate the required
regularization by comparing the following dimensionless form of Eq. (1),

w =















−

(

1−
Rb
|pz |

)

pz |pz | > Rb,

0 otherwise,

(12)

with its regularized form,
w + Rbtanh(cw/Rb) = −pz. (13)

Herec is an adjustable parameter, and its role is to soften/smoothen the effect of the piecewise linear model of Pascal
(1981). Indeed, Pascal’s threshold model is recovered whenc → ∞; see Rees (2016). Whenw is sufficiently small,
the left-hand side of Eq. (13) takes the form(1+ c)w, and therefore stagnant regions are modelled by a fluid with a
viscosity that is(1 + c) larger than the postyield viscosity. Whenw is sufficiently large and positive, both Eqs. (12)
and (13) reduce tow = −pz − Rb. This well-tested regularization plays the same sort of role here as that of the
regularization of Papanastasiou (1987) for pure Bingham fluids.

The analogous frame-invariant system which governs isotropic two-dimensional convection is, therefore,
[

1+ Rb
tanh(cq)

q

]

u = −px, (14)

[

1+ Rb
tanh(cq)

q

]

w = −pz + Raθ, (15)

where the fluid speedq is given by
q2 = u2 + w2. (16)

The streamfunction may be introduced in the usual way usingu = ψz andw = −ψx, and we obtain the
following momentum equation:

∇2ψ+
Rb tanh(cq/Rb)

q3
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2
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]

+
c sech2(cq/Rb)

q2
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2
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]

= −Raθx,

(17)
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whereq2 = ψ2
x + ψ2

y. Any potential for apparently singular behaviour of the coefficients whenq is small is avoided
by replacing the left-hand side of Eq. (17) by a five-term Maclaurin series inq whenq < 10−3; this gives a seamless
transition (to Fortran double-precision accuracy) asq crosses the 10−3 threshold. Finally, the heat transport equation
is given by

θt = ∇2θ−ψzθx +ψxθz + 1. (18)

To recap, we confine our attention to rectangular cavities ofaspect ratioA, where 0≤ x ≤ A, and to values of
Ra that depend on the aspect ratio and the chosen value of Rb. Within these ranges of parameters the streamfunction
field is antisymmetric aboutx = A/2 and the temperature is symmetric. Given these symmetries,we may adopt the
following boundary conditions instead:

ψ = θ = 0 on x = 0, z = 0, andz = 1, ψ = θx = 0 on x =
1
2
A, (19)

in order speed up the computations.

2.2 Numerical Scheme

Two numerical codes were written. Each employed a standard second-order accurate finite-difference discretization
on a uniform grid. The first code used a pseudotransient method (Mallinson and de Vahl Davis, 1973) whereby an
additional single time derivative ofψ was added to the right-hand side of Eq. (17). A simple Euler time-stepping
scheme was then used to march the solutions forward toward a steady state. Steady state was deemed to be when the
maximum change inθ between neighbouring timesteps was less than 10−8 in magnitude for 100 successive timesteps.
This type of scheme will not follow the correct evolution of the streamfunction and temperature fields, but given that
we are confining our computations to Rayleigh number regimeswhere the flow tends towards a steady state, the
converged solution is the desired solution to the steady-state equations.

The second code employed the line relaxation Gauss–Seidel method to solve the steady-state forms of Eqs. (17)
and (10). We note that neither the use of successive over-relaxation nor multigrid acceleration could be used with
universal success. The convergence criterion for this codewas that the residual for the temperature field needed to be
less than 10−6.

As has been discussed in detail in Rees (2016), there is a trade-off between the requirements of solving the
governing equations accurately on a fine grid and and the needto use as large a value ofc as is possible in order to
model the yield surface accurately. Rees (2016) demonstrated that, for each chosen grid, there is an optimum value
of c which allows for the most accurate modelling of the yield threshold while still providing a robust convergence
to a solution. In almost all cases here we use a uniform grid with the meshwidth 1/128, in both directions and with
c = 50, although contour plots of the streamlines and isothermsusec = 100. The value ofc corresponds, in effect, to
a fluid with a viscosity which is(c+1) times that of the equivalent Newtonian flow when body forces are sufficiently
small, therefore the regularization represents a pseudoplastic fluid.

The two codes gave precisely the same results when the convergence criteria were made stronger and the codes
were run until the difference equations had been solved to machine accuracy. However, the steady-state code was
considerably faster and was therefore chosen. Regions which are deemed to be stagnant are defined in the same way
as described by Rees (2016, 2020) and are shaded in orange in the streamline plots shown later.

3. NUMERICAL SOLUTIONS

Solutions will be presented for cavities of aspect ratioA = 2, 1, and 4, in that order, whereA = 2 forms the datum
case against which the others are compared.

3.1 Solutions When A = 2

Streamlines and isotherms for the cavity with aspect ratioA = 2 are presented in Fig. 1 for a selection of values of
Rb and Ra/Rb. Here we were able to usec = 100 for regularization—this is also true for streamlines and isotherms
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Ra/Rb= 44 Ra/Rb= 60 Ra/Rb= 100 Ra/Rb= 200

Rb= 5

Ra= 220 Ra= 300 Ra= 500 Ra= 1000

Rb= 10

Ra= 440 Ra= 600 Ra= 1000 Ra= 2000

Rb= 20

Ra= 880 Ra= 1200 Ra= 2000 Ra= 4000

FIG. 1: Streamlines (continuous) and isotherms (dashed) forc = 100 and for the given values of Ra and Rb= 5. The stagnant
regions are shaded in areas outside the cavity. The left-hand half of the cavity is shown. Note that these conventions apply to all
figures of this type.

shown later. In all figures of this type we display the computational region which was used, namely, the left-hand half
of the full cavity; the right-hand half will appear as the mirror image, although the streamfunction values will have
the opposite sign. Regions of stagnant fluid are displayed using the orange or light shading. The respective rows in
Fig. 1 correspond to Rb= 5, 10, and 20, while the respective columns correspond to Ra/Rb= 44, 60, 100, and 200.

The sidewall-heated cavity which was considered in Rees (2016) was shown to have the property that flow arises
only when the Darcy–Rayleigh number exceeds a value which isa function of Rb. The same is true here, for when Ra
is too small, then buoyancy forces are too weak to overcome the yield threshold and thus the temperature field is given
by the solution of∇2θ = −1. The first column in Fig. 1 corresponds to Ra= Rb= 44, which is very close to the yield
threshold. This may be inferred because the shapes of the isotherms are almost identical to the conduction solution
and thus the induced flow is very weak. Given that we have adopted a regularized form of Pascal’s law, this case
represents the transition region between a highly viscous pseudoplastic and a viscous fluid, and therefore the precise
details of the flow are at their least accurate. This is a reason why some streamlines appear to lie within that region
which is deemed to be stagnant. This aspect may be improved byincreasing the value ofc but, as pointed out by Rees
(2016), this may only be achieved by increasing still further the resolution which is already composed of a 128× 128
uniform mesh. Nevertheless, these flow patterns show clearly that there is a relatively strong downward-moving jet
of fluid close to the left-hand sidewall, a characteristic which is shared by all the subfigures in Fig. 1.
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Convection of a Bingham Fluid 7

For all three of the chosen values of Rb, each of the rows in Fig. 1 shows, not surprisingly, that the strength
of the flow increases as Ra increases, and therefore buoyancyforces become increasingly strong when compared
with the yield threshold. Thus the region occupied by stagnant fluid decreases, and when Ra is sufficiently large, the
temperature field becomes increasingly distorted, and the location at whichθ achieves its maximum begins to rise as
the overall anticlockwise circulation becomes stronger.

We note that for a given value of Ra/Rb, flow patterns are quite similar, particularly for relatively small values
of Ra/Rb. This is seen more clearly in Table 1, which lists some numerical data drawn from the computations plotted
in Fig. 1. Thus when Ra/Rb= 44 the values ofψmax/Ra,θmax, andφ are independent of the value of Rb, but this
independence is degraded as Ra/Rb increases. The primary reason for this degradation is that the flow eventually
becomes sufficiently strong that the nonlinear terms in the heat transport equation cease to be negligible. It may be
noticed, for example, that the percentage of the cavity which is not stagnant is smaller when Rb is large for fixed
values of Ra/Rb; this is seen both in the numerical data in Table 1 and in theextent of the orange regions in Fig. 1.

The above figure and table have summarized the general behaviour of the flow and temperature fields for a 2× 1
cavity when well within the regime where the flow is steady, and therefore no further figures of this type need to be
presented. However, a comprehensive summary of these flows is given in Figs. 2 and 3, which respectively show how
ψmax andθmax vary with Ra for integer values of Rb which are in the range 0–10. The numerical solutions were
obtained at increments of 10 in the Darcy–Rayleigh number, and the regularization constant was set atc = 50, a value
which presented no convergence difficulties.

For Fig. 2 we see that the strength of the flow, as measured byψmax, increases as Ra increases due to the
increasing strength of buoyancy forces, but it decreases asRb increases because the yield threshold of the Bingham
fluid becomes stronger. Thus the overall strength of the flow at Ra = 1000 when Rb= 10 is roughly half that for
a Newtonian fluid, for which Rb= 0. The effect of the regularized form of Pascal’s threshold model may also be
seen whenψmax is small, i.e., when Ra is below its critical value for flow. Each curve joins an envelope which has
a slope that is roughly 1/51 [i.e., 1/(c + 1)], that of the Rb= 0 curve at Ra= 0. For example, when Ra= 10 then
ψmax = 0.07052 when Rb= 0, andψmax = 0.00138 for all the Rb6= 0 curves. The trend which is seen in Fig. 2
for increasing values of Rb continues when Rb> 10; ideally a larger value of the regularization parameterc will be
required in order to retain good accuracy whenψmax is small.

A similar behaviour may be found in Fig. 3, which displays howθmax varies with Ra for the same values
of Rb. Here the natural tendency is for the maximum temperature in the cavity to decrease as Ra increases. This

TABLE 1: Values of the maximum values ofψ andθ for chosen values of
Ra and Rb. Also shown isφ, which is the fraction of the cavity in which
the fluid is moving

Rb Ra Ra/Rb |ψ|max |ψ|max/Rb θmax φ

5 220 44 0.0664 0.0133 0.1139 0.380

5 300 60 0.364 0.0728 0.1135 0.714

5 500 100 1.404 0.2808 0.1090 0.917

5 1000 200 3.463 0.6926 0.0944 0.959

10 440 44 0.133 0.0133 0.1138 0.379

10 600 60 0.714 0.0714 0.1125 0.709

10 1000 100 2.384 0.2384 0.1020 0.890

10 2000 200 5.060 0.5060 0.0831 0.932

20 880 44 0.264 0.0132 0.1137 0.378

20 1200 60 1.343 0.0672 0.1094 0.700

20 2000 100 3.584 0.1792 0.0932 0.859

20 4000 200 6.897 0.3449 0.0726 0.913
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FIG. 2: Variation ofψmax with Ra for Rb taking
integer values between 0 and 10 and forA = 2

0 300 600 900 1,200
8.5

9
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10

10.5

11

11.5

12

FIG. 3: Variation ofθmax with Ra for Rb taking inte-
ger values between 0 and 10 and forA = 2

counterintuitive fact may be explained by the presence of a strong upflow in the middle of the cavity which brings
cold fluid up from below. But here we see a straightforward monotonic variation inθmax as Ra and Rb vary. In this
case the upper envelope of the curves has the value 0.1139, which corresponds to pure conduction.

3.2 Solutions When A = 1

Now we shall consider the unit cavity and therefore the computations take place in the range 0≤ x ≤ 1/2. We have
chosen to use a 96× 128 grid in order to ensure good resolution in the horizontaldirection. A representative set of
streamlines and isotherms is shown in Fig. 4 and here we have chosen Rb= 10. Once again the subfigures correspond
to the left-hand half of the cavity.

When Ra= 600 we obtain a near-critical flow which is very much like the leftmost column of cases in Fig. 1
where the flow is weak. The closer proximity of the sidewalls compared with those shown in Fig. 1 means that more
energy has to be expended in order to turn the downward flow near the left-hand wall into the upward flow at the
right-hand computational boundary. Therefore it is to be expected that this near-critical state arises at a larger value
of Ra/Rb when compared withA = 2.

Ra= 600 Ra= 750 Ra= 1000 Ra= 1500 Ra= 2000

FIG. 4: Streamlines (continuous) and isotherms (dashed) forc = 100 and Rb= 10 for a 1× 1 cavity
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Convection of a Bingham Fluid 9

From Fig. 4 we see once again that, as the Darcy–Rayleigh number rises, the fraction of the cavity which is
stagnant decreases, and the height at which the maximum temperature occurs rises from the centerline,z = 1/2.

More detailed information may be found in Figs. 5 and 6, which, like Figs. 2 and 3, respectively show howψmax

andθmax vary with Ra. These figures display many of the same tendencies as do Figs. 2 and 3, namely, thatψmax

increases with Ra but decreases with Rb, thatθmax decreases with Ra but increases with Rb. However, it is also clear
that for a given pair of values of Ra and Rb the strength of the flow is quite weak when compared with whenA = 2
because of the greater lateral confinement.

3.3 Solutions When A = 4

This forms the final aspect ratio which will be discussed in detail and it represents a fairly shallow cavity. Yet again
we depict the left-hand half of the cavity which occupies 0≤ x ≤ 2.

The Ra= 440 case in Fig. 7, for whichA = 4, may be compared directly with its Rb= 10 and Ra= 440
counterpart in Fig. 1, for whichA = 2. There is a great deal of similarity between the two but, despite the fact that
the respective flows are quite weak, the temperature fields inthe range 0≤ x ≤ 1, differ slightly because of the quite
different aspect ratios. Nevertheless, the fact that the isotherms atx = 2 in Fig. 7 are horizontal suggests that the
streamline and isotherm patterns in the range 0≤ x ≤ 3 will be independent ofA whenA > 4. As before, we note
that this case represents onset conditions where the regularization has a very significant effect, and it is this which
causes the presence of streamlines in the deemed stagnant region. For this particular casec = 400 was used in order
to attempt to compute the nonstagnant region as carefully aspossible; smaller values cause the streamlines to stray
further into the shaded region.

Once Ra exceeds 600, corresponding cases in Figs. 1 and 7 no longer match because the nonstagnant region now
spreads beyondx = 1 whenA = 4, whereas it is forced to turn upwards atx = 1 whenA = 2. As Ra continues to
increase, the region of moving fluid continues to expand until it occupies the full cavity in thex direction. Given that
the flow is relatively weak atx = 2, the point at whichθ is maximized is still very close toz = 1/2, unlike when
A = 2 orA = 1.

Figures 8 and 9 show how the extremum values ofψ and the maximum value ofθ vary with Ra for the same
range of values of Rb. Unlike whenA = 1 andA = 2, the relatively large aspect ratio of the cavity admits two
possible solutions for each value of Rb. Each of the black curves connects back to the zero-flow state at low values
of Ra, and it is these which are computed naturally as Ra risesfrom zero. In all the cases depicted, including for

0 500 1,000 1,500 2,000 2,500 3,000
0

1

2

3

4

5

6

FIG. 5: Variation ofψmax with Ra for Rb taking in-
teger values between 0 and 10 and forA = 1

0 500 1,000 1,500 2,000 2,500 3,000

5

6

7

8

FIG. 6: Variation ofθmax with Ra for Rb taking in-
teger values between 0 and 10 and forA = 1
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Ra= 440 Ra= 600

Ra= 1000 Ra= 2000

FIG. 7: Streamlines (continuous) and isotherms (dashed) forc = 100 and Rb= 10 for a 4× 1 cavity, noting that the Ra= 440
case usedc = 400

0 500 1,000 1,500

0

2

4

−2

FIG. 8: Variation ofψmax andψmin with Ra for
Rb taking integer values between 0 and 10 and for
A = 4. The shorter top and bottom curves corre-
spond to the second convection pattern. The bullet
symbol denotes a fold bifurcation when Rb= 0.

FIG. 9: Variation ofθmax with Ra for Rb taking in-
teger values between 0 and 10 and forA = 4. The
bottom curves correspond to the second convection
pattern.

Rb= 0, the black curve terminates at a point where the iteration scheme is unable to continue—this is characterized
by the scheme needing an increasing number of iterations to converge as Ra increases further. For the type of iteration
scheme which we have used, such terminations typically haveone of two causes: either (i) the flow is too strong due
to the presence of nonlinearities or (ii) there is a bifurcation to a different solution branch. On the other hand, the red
or light curves correspond to flows with a different number ofcells, and both types of flow may be seen in Fig. 10. For
these curves the number of iterations also increases greatly as Ra decreases towards their terminations. The shapes of
the red or lightψmin curves in Fig. 8 suggest very strongly that the lower limits form fold bifurcations, the solution
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Convection of a Bingham Fluid 11

FIG. 10: Streamlines (continuous) and isotherms (dashed) for two different steady solutions for Rb= 10 and Ra= 1400 in a
4× 1 cavity

curves then being presumed to turn back towards increasing values of Ra and eventually joining the black curves at
a subcritical bifurcation. While this sounds like a conjecture, the paper by Choi et al. (1998) used a spectral method
with a curve-tracking methodology to demonstrate just thatfor Darcy–Brinkman flow in an internally heated unit-
aspect-ratio cavity. Given that the present solution curves shown in Figs. 8 and 9 were obtained using a Gauss–Seidel
iteration scheme, all of them depict solutions which are stable to small perturbations. When saturated by a Newtonian
fluid, we also obtain a fold bifurcation. The red or lightψmin curve for Rb= 0 was computed very carefully with
very small increments in Ra to approach the turning point as closely as possible. To the final three points a quadratic
for Ra in terms ofψmin was fitted and the smallest value of Ra estimated; this point forms the black disk in Fig. 8,
and therefore it must represent a fold bifurcation.

3.4 Summary

Although the regularization we have used softens the threshold for flow, we may, nevertheless, attempt to evaluate
the critical value of Ra at which convection begins. In the present case we note that the Rb= 0 curve in Fig. 3 rises
almost perfectly linearly whileψmax < 1, and this appears to be true also for all the other curves in the range 0.5
< ψmax < 1. Therefore we fitted a straight line to these separate sets of data and extrapolated back to give a rough
indication of the value of Ra for whichψmax = 0. The result of this process is displayed in Fig. 11, where wesee
an almost perfectly linear variation with Rb for all three aspect ratios, although we think that this data becomes less
reliable as Rb approaches zero because of the nature of the regularization.

We have already seen the similarity between the(Ra,Rb) = (440, 10) cases depicted in Figs. 1 and 7 because
the flow and temperature fields are essentially unaffected bythe width of the cavity, and therefore it is not surprising
that the critical values of Ra as a function of Rb whenA = 2 andA = 4 are almost identical. On the other hand,
whenA = 1 the width of the cavity restricts the flow, and therefore critical values of Ra are larger. A straight line fit
to the curves shown in Fig. 11 suggests that the critical Darcy–Rayleigh number for convection is given roughly by
the values given in Table 2.

4. CONCLUSIONS

Internally heated porous cavities always admit flow when saturated by a Newtonian fluid, but when saturated by
a Bingham fluid there is a critical value of Ra above which convection arises. Computationally, this critical value
appears to depend linearly on the magnitude of the Rees–Bingham number Rb. Given that the value of Rb expresses
a balance between the magnitude of the buoyancy forces and the body force which is required to overcome the yield
threshold of the fluid, this suggests that Ra/Rb will be a constant for any given aspect ratio. The largest buoyancy force
within the cavity occurs halfway down the vertical boundingsurfaces, because this is where the basic conduction field
finds it largest horizontal gradient. Therefore the convective pattern at onset consists of a narrow jet on the sidewalls
with a wider recirculation region as the fluid has to ascend once more towards the upper surface. At larger values of
Ra the fluid flow always remains the strongest near the sidewalls, and there is a gradual reduction in the relative size
of the stagnant regions as Ra increases.
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FIG. 11: Variation of the critical value of Ra with Rb above which convection exists. The highest line on the graph denotesA = 1,
the second highest line denotesA = 1.25, the third highest line denotesA = 1.5, the bottom line denotesA = 2, and the dotted
line denotesA = 4. The disks on each line represent the extrapolated critical values of Ra.

TABLE 2: Critical values of Ra/Rb as a
function of the aspect ratio

A 1 1.25 1.5 2 4

Ra/Rb 55 48 45 44 44

We have found that the onset conditions are essentially independent ofA whenA ' 2 because the onset flow
pattern and the temperature field for pure conduction are then almost independent ofA. When the aspect ratio de-
creases from 2, the conduction temperature field becomes increasingly distorted, and the proximity of the sidewalls
to one another also restricts fluid movement. Thus the critical value of Ra increases asA decreases.

We have also found that multiple steady states exist for moderate values of Ra when the aspect ratio is sufficiently
large. The computed steady states which we have presented were obtained using a Gauss–Seidel iteration scheme,
which means that they are linealy stable. Thus hysteresis could arise if one were to vary the strength of the internal
heating effect as mediated by a slowly time-varying Darcy–Rayleigh number. While this hysteretical behaviour is not
unknown for a Newtonian fluid (Choi et al., 1998), the range ofvalues of Ra over which it happens is much larger
when the porous medium is saturated by a Bingham fluid.

For larger values ofA it is very likely that further complication will arise, and acareful study of the bifurcation
structure will require the creation of a direct method of solution involving the Newton–Raphson scheme which would
be capable of computing solutions which are linearly unstable.
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