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1 Introduction

This paper was given at the International Conference on Polynomial System
Solving, held in Paris 25–27 November 2004, in honour of the official retirement
of Professor Daniel Lazard. The views expressed here are purely those of the
author, and do not pretend to be complete.

1.1 EUROSAM 1979 — Luminy (Springer LNCS 72)

In this, the first computer algebra conference to be formally published1, I wish
to draw attention to two particular articles.

1. B. Buchberger A criterion for detecting unnecessary reductions in the con-
struction of Groebner bases, pp. 3–21.

2. D. Lazard Systems of algebraic equations, pp. 88-94. (see also [18])

It is interesting to observe that these appeared in very different sessions: the
polynomial one and the linear algebra one.

1.2 The state of the art in 1979

It is difficult today to realise how different our understanding and research in
polynomial systems was 25 years ago.

∗The author is grateful to all those who have tried to explain the theories of polynomial
systems to him, but above all, of course, to Daniel Lazard himself.

1As opposed to special issues of the SIGSAM Bulletin, or institutional technical reports.
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• Buchberger’s article only considered the ordering that today we would call
“total degree reverse lexicographic”. In fact, the proofs are valid, with no
changes, for any admissible ordering, but the concept did not exist then.

• Lazard’s article required a total degree article, but a strict reading of the
article (I am sure this was not intended) would allow orders incompatible
with multiplication.

In general, one can say that the today’s usual formalisation (for example [4])
largely did not exist, and certainly was not structured, 25 years ago.

2 The meeting of concepts

In reality, we should not speak of a single “meeting”, because these meetings
have been the work of many people over the years, and one could easily say that
there is more to do in in this direction.

As far as I am concerned, though, one of the turning points was the article
Gröbner Bases, Gaussian Elimination and Resolution of Systems of Algebraic
Equations, which Lazard published in 1983 [22].

2.1 The FGLM algorithm

This algorithm [13] converts a zero-dimensional (finite number of solutions)
Gröbner base with respect to one ordering < (typically “total degree reverse
lexicographic”) to another <̂ (often purely lexicographic, so that one can use
the Gianni–Kalkbrener theorem [14, 15] to read off the solutions). It is certainly
unnecessary to explain this algorithm to such an audience! However, I would
rather make two observations about it.

• The enormous practical importance of this algorithm;

• The fact that this algorithm can easily be considered as a hybrid between
the polynomial approach and the linear algebra approach. In brief, one
enumerates the monomials in increasing order with respect to <̂, reducing
each (a polynomial calculation) by the input basis with respect to <, and
look for linear relations between these reducta, which are being viewed as
a matrix of coefficients with the columns labelled by the relevant mono-
mials. Such a linear relation, translated back to the original monomials
enumerated wth respect to <̂, gives an element of the Gröbner base with
respect to <̂.

3 Do we really want a single Gröbner Base?

There may be occasions on which our real goal, say finding the solutions of a
set of polynomial equations F , can be met by other techniques than computing
a full Gröbner base of the ideal generated by F .
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3.1 Factored Gröbner bases

In the 1980’s, many people [12, 11] had the following idea. Suppose we are
computing a Gröbner base, and currently G = {g1, . . . , gn} defines a variety
V , and g1 (say) = h1h

′
1. Then, instead of continuing to apply Buchberger’s

algorithm to G, we can continue Buchberger’s algorithm on two forks: G1 =
{h1, g2, . . . , gn} defining V1, and G2 = {h′

1, g2, . . . , gn} defining V2, where V =
V1 ∪ V2.

Of course, this process can be done recursively.

pro hi, h′
i will have lower degree than g1: indeed it is common for them to

reduce many of the other gi. Therefore it is normal for the computing
time for G1 and G2 to total far less than the computing time for G itself.

con If this happens, then all the gains from Buchberger’s third criterion [8] and
its generalisation [2] are lost — one is essentially starting afresh.

pro The structure of V1 ∪V2 may be much easier to understand, particularly if
V is not equi-dimensional.

con We do not actually have a Gröbner base for V .

con It is very hard to track multiplicities, and to avoid duplication.

con Empirically, factorisation is rare except in a purely lexicographic order,
which FGLM means we rarely use Buchberger’s algorithm for directly.

pro It is possible to devise fast probabilistic tests for irreducibility [12].

3.2 Triangular sets

We wish to describe the affine variety V (F ) (i.e. the common zeros) of a fi-
nite set of polynomials F . We will do this via a family {T1, . . . , Tr} of sets of
polynomials.

• Let T1 be a Gröbner basis of F .

• Let Ti be such that distinct polynomials in Ti have distinct main vari-
ables: we say that Ti is triangular [30, but he called them “characteristic
sets”]. Say that ζ ∈ V (Ti) is regular [33] if it does not cancel the leading
coefficient2 of any member of Ti. Then V (F ) is the union of the regular
zeros of the Ti, denoted by W (Ti).

Unfortunately, there are several definitions of triangular sets, classified by [25]
and summarised in [1]. The main ones are:

• characteristic sets [30, 33, though the definitions are slightly different [1]];

2With respect to whatever variable is in fact the leading variable of this particular poly-
nomial.
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• regular chains and their representations [16];

• normalized triangular sets [24];

• tower of simple extensions [24];

• regular sets [29].

characteristic sets The algorithm of [31] produces from F a family T1, . . . , Tl

of characteristic sets of prime ideals such that V (F ) =
⋃l

i=1 W (Ti). [1,
Theorem 3.3] gives some elegant properties of characteristic sets of prime
ideals. Given F , the algorithm of [33] computes a characteristic set T of
a finite set of polynomials G such that F and G generate the same ideal3.

4 Is Lazard purely a specialist in polynomial
systems?

Certainly not. One could easily cite the following.

• His research on the factorisation of polynomials [20, 19].

• His research on the algorithmics of Z[i] [21].

• His work on the radicals of differential ideals [5].

• His work on quantifier elimination, where in particular he showed that
the “purely algorithmic” methods known at the time would give results
far larger and clumsier than was necessary [23]. This and similar observa-
tions led to the development of partial cylindrical algebraic decomposition
[9]. Later on he also found a better algorithm for the projection stage in
cylindrical algebraic decomposition [26], and further developments of this
are found in the latest software [7].

• His improvement (with Rioboo) of the integration of rational functions,
which avoided spurious singularities in the logarithmic part of the integral
[27].

• His algorithm (with Valibouze) for the inverse of the primitive element
algorithm [28].

We give some notes on the importance of some of these points.

4.1 Cylindrical Algebraic Decomposition

Cylindrical algebraic decomposition is an algebraic tool. However, we [6, 3] have
been able to use it to solve analytic simplication problems — currently a major

3Note, however, that this does not mean that T is necessarily a characteristic set of F [1].
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challenge for all computer algebra systems. Consider for example the following
pseudo-equality4: √

a
√

b
?=
√

ab.

The validity of this depends on a and b. For example, for
√

1− z
√

1 + z
?=
√

1− z2

the answer is positive, but for the apparently similar
√

z − 1
√

z + 1 ?=
√

z2 − 1,
the answer is “false” — if z = −2, the left-hand side is negative, but the right-
hand side is positive.

4.2 Integration — analytic and algebraic

Everyone (at least mathematicians would like to think so) knows that “the
indefinite integral of a function is determined up to a constant”. Analytically,
c is a constant iff ∀x, y c(x) = c(y). Therefore, when we calculate a definite
integral via an indefinite one, the constants cancel.

Algebraically5, a constant c is such that c′ = 0, so for example the Heavi-
side function is an algebraic constant. Hence it is important to avoid spurious
singularities in an indefinite integral calculated algebraically [32, for example],
otherwise the “constant” might not be an analytic constant.
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Comp. Sci. 15 (1981), 77–110.

[19] Lazard, D. Factorisation des Polynômes. Les Mathématiques de
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