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1 Background

Reminder that the algorithm of [CMMXY09] proceeds in three stages, wrapped
up in CylindricalAlgebraicDecompose in Maple.

• Start with Fn ⊂ Q[y1, . . . , yn]

1. Initial Partition to produce C : a partition of Cn into constructible sets

2. Make Cylindrical to produce D : a cylindrically arranged partition of
Cn into constructible sets

NB Steps 1–2 together are CylindricalDecompose in Maple.

3. Make SemiAlgebraic to produce an Fn-invariant CAD of Rn

2 Random Thought

If we took this sketch, and essentially did Make Cylindrical in all directions,
might we have an algorithm for monotone sets [BGV12, and NNV’s talk last
term]?

• GKS wondered whether, in step 2, one direction’s cylindricity might in-
terfere with another’s (i.e. might we destroy one direction’s while building
another’s) but thought not.

• JHD worried about the fact that step 1 was being performed with respect
to a variabel order which was comaptible with the projection directions of
cylindricity. However, this didn’t seem to be essential.

• Are there algorithms for computing monotone decompositions, and how
efficient are they? What are the applications?

NNV1 There is currently an algorithm for R4, but “these results were written
before we knew as much as we know now about monotone functions, and
now it looks likely that everything can be improved”.
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NNV2 [The] “application we started it all for is for triangulation of one-parameter
definable families, which in turn is a part of a program to proove our con-
jecture with Gabrielov about homotopy equivalence of definable sets and
their compact approximations. The motivation is briefly outlined in in-
troductions to semi-monotone paper [BGV10] and to monotone functions
paper [BGV12].”

3 Main Purpose

Consider two non-intersecting triangles in R2, whose projections on the x-axis
also do not intersect. These might be arbitrary (e.g. L1 on the Maple sheet1)
or aligned (as L). L1 gives us 25 cells for a cylindrical algebraic decomposition
over R (1 to the left of circle 1, 3 at the left edge, 5 in the middle, 3 as the
right edge, 1 between the circles, and then the same again), as in (7) on the
worksheet.

L gives us 27 cells, as in (8). The difference is that the middle cell (1 < x < 2,
y unspecified of (7)) is split into three cells, with 1 < x < 3

2 , x = 3
2 and

3
2 < x < 2. This is logically unnecessary, i.e. [CMMXY09] (and the same would
be true of [Col75]) is giving us a decomposition that is fined that we need. Why?

From a geometric point of view, our two conics must intersect over C, which
they do at some finite points and infinity. This shows up clearly in the output
from CylindricalDecompose — (9) for L1 and (10) for L. The difference is that

for L1 these points have x satisfying 5x2 − 15x + 12 = 0, i.e. 3
2 ±

√
− 3

20 , and

for L they satisfy x = 3
2 .

Hence CylindricalDecompose is doing the right thing, and indeed step 3 is
also doing the right thing: what seems to be needed is an intermediate step to
“tidy up” the result and delete points like 3

2 which are “real spurious” in some
undefined sense.
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