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Acyr Locatelli had a question: In Gianni-Kalkbrener when we look at the
regular chains we say the Gröbner Basis gives us the decomposition into
regular chains. Does it matter what order we use for the polynomials? It
seems we have to reverse the order in the second theorem to get the answer
we want. If not, for the three points example we get a projection on to a
different axis.

From week 4 we get projection to the y-axis not the x-axis. Russell
Bradford mentioned that you sometimes have to be fluid with the orderings.

If we take

G := {(x2 − 1), (x− 1)(y − 1), (y2 − 1)} plex(x > y)

we get two solutions for y:
y = 1, x2 − 1

y = −1, x− 1

RJB commented that Maple’s RegularChains package gives the three
points as distinct regular chains. This is surprising as you can decompose
into regular chains just as

Ty := {x2 − 1, y − 1} {x− 1, y + 1}
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(for projecting onto the y-axis).
The other regular chain decomposition for projecting onto x would be

Tx := {y2 − 1, x− 1} {y − 1, x+ 1}

by symmetry.
So G is set-wise the same if we use plex(x > y) or plex(y > x) but we

get different Pn’s in Gianni-Kalkbrener - their triangular decompositions can
look very different. In effect we are choosing which end to ‘chip off’ from.

Degree Reduction under Specialization

We will continue discussing the paper [1]. The key result from section 1
(last time) was:

Corollary 1. For I ER[x], φ : R→ R we have

1. For any p ∈ φ(I) there exists q ∈ I and c ∈ φ(R) \ {0} such that

φ(q) = cp

and
δ(q) = δI

2. Let K be a field contained in R such that φ(R) ⊆ K and φ |K= id.
Then we can take c = 1 in the above result. Therefore ker(φ) is a
maximal ideal.

What can we learn from this?

Gröbner Bases under Specializations

Consider K[x, T ] where T = (t1, . . . , tr) with a fixed block ordering >; we
are prioritizing x then we have some ordering on T .

Theorem 2. Let ICK[x, T ] and G = (g1, . . . gs) a Gröbner basis for I with
respect to >. Let α ∈ Kr and assume

φα(I) 6= 0.

Let gm be the smallest (with respect to >) element of G such that φα(gm) 6=
0.

Then φα(gm) generates φα(I) and δI = δ(gm).
In particular, φα(G) is a Gröbner basis of φα(I).
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Proof. Let p be a generator of φα(I) (as we are essentially in K[x] a P.I.D).
By Corollary 1 there exists q ∈ I such that φα(q) = p and δ(q) = δI .

G is a Gröbner Basis for I and let H = {gi | degx(gi) ≤ degx(q)}. Then
q ∈ 〈H〉 (as G is a Gröbner Basis ). Since φα(q) 6= 0 there must exists at
least one gi ∈ H with φα(gi) 6= 0. In particular gm ∈ H (else all these gi
would have to vanish).

We also know

deg(φα(gm)) ≥ deg(φα(q)) = deg(p)

as φα(q) = p generates I.
So

δI ≤ δ(gm) = degx(gm)− deg(φα(gm)) ≤ degx(q)− deg(φα(q)) = δq = δI

and hence all inequalities are in fact equalities.
And so deg(φα(gm)) = deg(φα(q)) and hence φα(gm) generates φα(I).

This is essentially the Gianni-Kalkbrener Theorem . At each stage of
the Gianni-Kalkbrener Theorem we have one ‘privileged’ variable - this is
the inductive step in Gianni-Kalkbrener .

Proposition 3. Let Ltx(I) denote the ideal (in K[T ]) generated by the
leading terms of I with respect to x. Then

δI = 0 ⇐⇒ Lt(φα(I)) = φα(Ltx(I)).

Proof. If δI = 0 then degx(gm) = deg(φα(gm)). Then

Ltx(φα(I)) = 〈lt(φα(gm))〉 = 〈φα(ltx(gm))〉 ⊆ φα(Ltx(I)) ⊆ Ltx(φα(I)).

Applications

Proposition 4. Let f1, . . . , fk be a set of polynomials in K[x, T ]. Let G =
{g1, . . . , gs} be a Gröbner Basis of I = 〈f1, . . . , fk〉 with respect to a block
order >. Let α ∈ Kr and assume φα(I) 6= 0. If gm is the smallest (with
respect to >) polynomial in G such that φα(gm) 6= 0 then

gcd(f1(x, α), . . . , fk(x, α)) = gm(x, α).
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So once you have your Gröbner Basis , however you specialise your GCD
is always going to be one of the gi’s; in fact the smallest one that doesn’t
vanish.

Can restate in terms of comprehensive Gröbner Basis :

Corollary 5. A Gröbner Basis of an ideal I in K[x, T ] with respect to
a block order for x, T is a comprehensive Gröbner Basis in K[T ][x], i.e.
considering the T ’s as parameters.

We also have

Theorem 6. Let I be an ideal in K[x, T ] and let G = {g1, . . . , gs} be a
Gröbner Basis with respect to a block order >. Let I1 = I ∩K[T ] be the first
elimination ideal. Let α ∈ V (I1) and assume φα(I) 6= 0. Denote by gm the
smallest (with respect to >) polynomial in G such that φα(gm) 6= 0. Then if
a ∈ K we have

(a, α) ∈ V (I) ⇐⇒ φα(gm)(a) = 0.

We can essentially regard this as the Gianni-Kalkbrener Theorem again.
If you have a zero of gm then can extend to (a, α) ∈ V (I). So all you need
look at are the zeroes of gm - you can extend one variable at a time. Even
when I is not zero-dimensional we can do Theorem 6. We have also not
assumed that K is algebraically closed.

Example 1. Consider K[x, y, a, b] with ordering x > y > a > b. Let

f1 := ax2 + x+ y; f2 := bx+ y

then we get a Gröbner Basis for I = 〈f1, f2〉 consisting of the blocks:

B1 := {ax2 + x+ y, axy − by + y, bx+ y}, B2 := {ay2 + b2y − by}.

Note that these have no polynomials in just a or b. Ifdwe substitute in
a = b = 0 (i.e. set α = (0, 0)) then the block B2 completely vanishes.
Nevertheless φα(B1) is now

{x+ y, y, y}.

So therefore x = 0, y = 0.
This is a counterexample to the obvious extension to Gianni-Kalkbrener

(to non-zero-dimensional varieties) because we would normally look at block
B2 but it actually doesn’t tell us anything about y. So in fact there is more
y-action going on then revealed by B2 in this case. Over a = b = 0, B1 now
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has 2 variables in it. In some sense at this point the Gröbner Basis approach
has to go back and recompute a basis for B1 at that specialization. It isn’t
that difficult but it tells us things about both y and x. Whereas Gianni-
Kalkbrener would say each block would tell us all about a single variable.
So we can’t extend Gianni-Kalkbrener to positive dimensional varieties.

What should we do instead?
Over α = (0, 0), φα(B2) = 0 and φα(B1) = {x+y, y}. Now let B′

1 = x+y
and B′

2 = y and we can now apply Gianni-Kalkbrener as we are in a zero-
dimensional ideal (although in general we may have to recompute a Gröbner
Basis and so on).
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