
Triangular Sets Seminar

Seminar 7: Nicolai Vorobjov - 21/11/2011

Semi-monotone sets, monotone functions and maps

The project is about Cylindrical Algebraic Decomposition and computing
them using some version of elimination theory (i.e. triangular sets) and
today we will be approaching it in an orthogonal way — avoiding all algebra.

To start, we will look at cylindrical cells.

Definition 1. A 0-dimensional cylindrical cell is just a single point. By
induction if you have a cylindrical cell C in Rn then a cylindrical cell in
Rn+1 is either

• graph of a continuous function on C; or

• the open region between graphs.

There is a theory that if you have any definable set (or more specifically
a semi-algebraic set) it can be partitioned into a finite number of cylindrical
cells. This decomposition is dependent on the order of coordinates. Cylin-
drical cells are supposed to be nice geometrically, but really the only obvious

Figure 1: The cell is either a graph or the open region between the graphs
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Figure 2: Two examples of cells that are not regular

nice property is that it is a topological cell: homeomorphic to an open ball
of appropriate dimension. Moreover, if it is definable set it is definably
homeomorphic. Otherwise, cylindrical cells are not particularly that good.

For example the intersection with {xi = c} or {xi < c} may not remain
a cylindrical cell, or even connected. Also the projection of a cylindrical cell
is not necessarily a cylindrical cell. Also a permutation of coordinates may
not necessarily give a cylindrical cell. Possibly the most important failing is
that the cylindrical cell is not necessarily a regular topological cell.

Definition 2. A definable set X is (topologically) regular if (X, X) is home-
omorphic to ([0, 1]n, (0, 1)n]

Example 1. As shown in Figure 2, the boundary of a circle with a point
removed is a cell but is not regular. The same is true of an open circle with
a cut.

We want to fix this. We want a generalisation of a cylindrical cell but
where all of the properties just mentioned would work nicely.

For example, in Figure 3 we break the cell so that the monotonicity
remains constant in each region. What happens if we generalise this and

Figure 3: Splitting a cell to preserve monotonicity of it’s boundary graphs
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Figure 4: A regular cell must contain intervals parallel to the coordinate
axes

look at retaining monotonicity?
An O-minimal structure is almost the definition of a structure that ad-

mits a CAD so these may prove to be useful.
In [2], Van den Dries introduces regular structures and proves the exis-

tence of regular cylindrical cell decomposition - by which he means along
every coordinate axis if two points belongs to the set then the interval be-
tween them is also contained, as shown in Figure 4. He also defines regular
functions, a generalisation of monotonicity requiring monotonicity in each
variable when the others are constant.

It is claimed in Van den Dries that definable sets can be decomposed
into these regular cells. Unfortunately the word regular is rather misleading
as a regular Van den Dries cell is not a topological cell and it doesn’t even
have the nice property we want.

Example 2. The function x2
1 + x2

2 on

{x1 > 0, x2 > 0, x1 + x2 < 1} ⊂ R2

This is shown in Figure 5 and is obviously Van den Dries regular (and
convex). The level sets become disconnected after a certain point (namely
1/
√

2).

Example 3. An important example showing Van den Dries regular cells are
not topologically regular (x

z

)2
+
(y

z

)2
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Figure 5: An example of a Van den Dries regular cell that does not behave
‘nicely’ on it’s level sets

on the simplex
{x > 0, y > 0, 0 < z < 1, x + y < z} .

The graph of the function is topologically regular but if you take the
closure of the graph then the closure will not be the closed ball. This is
mainly because over the point z you have a ‘blow-up’ - the graph becomes
vertical.

Now we look at the sets we wish to replace cylindrical cells with.

Definition 3. A coordinate cone in Rn is an intersection of some coordinate
hyperplanes and some coordinate halfspaces. So you set some coordinates
to 0, some greater than 0, some less than 0 and intersect all of these. We
can translate coordinate cones to get fine coordinate cones. Examples are
shown in Figure 6.

Figure 6: An example of a coordinate cone (l) and fine coordinate cones (r)

4



Figure 7: Examples of semi-monotone sets

The set X is called semi-monotone if the intersection of X with any
affine coordinate cone is connected.

Example 4. The chevalier cross, star and ladder shown in Figure 7 are all
semimonotone. The crescent moon in Figure 8 is not as it’s intersection
with the line shown is disconnected.

In 2-dimensions semimonotone simply means ‘convex with respect to the
coordinate axes’.

It is necessary and sufficient to just talk about fine coordinate planes
(don’t need strict inequalities). The set is semimonotone if intersection
with just each {xj = c} produces a semi-monotone set in that plane.

These have some nice properties: the projection of a semi-monotone
onto a plane is semi-monotone, permutation of coordinates preserves semi-
monotonicity.

What links semi-monotone with cylindrical cells?

Definition 4. A function f : X → R on a semi-monotone set X is a
submonotone function if {f < c} is semimonotone and f is upper semi-
continuous.

A function f : X → R on a semi-monotone set X is a supermonotone
function if −f is submonotone. That is f is lower semi-continuous and
{f > c} is semimonotone.

Figure 8: This is not a semi-monotone set as the shown intersection is
disconnected
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Figure 9: Splitting the chevalier cross into the region between a submonotone
and supermonotone graph

Theorem 1. The bounded set X ⊂ Rn is semimonotone if:

• if n = 1 then X is an open interval;

• otherwise
X =

{
(x, y) | x ∈ X̂, f(x) < y < g(x)

}
where X̂ is semi-monotone, f is submonotone, and g is supermono-
tone.

This is sort of a cylindrical cell except our top and bottom function are
not continuous. We can require them to be continuous.

Definition 5. A function f is monotone if:

• f is both submonotone and supermonotone

• it is monotone in each variable (in the Van den Dries sense)

The analogy of semimonotone sets using monotone functions have the
nice property of being regular topological sets.

We can generalise even further: suppose we have these semi-monotone
sets as analogies to cylindrical sets. These are open sets, what about their
smaller dimension components?

For co-dimension 1 we suggest graphs of semimonotone sets, for positive
co-dimension greater than 1 we suggest graphs of semimonotone maps -
maps defined on semi-monotone sets

X → (f1, . . . , fk)

where the fi are monotone with certain extra conditions on the fi. The
fi have to be connected between themselves in a very non-trivial way. In
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Figure 10: The same region of graph can be used to define the range and
the domain through projection

the definition of monotone functions they have to be Van den Dries in each
variable. The analogy becomes combinatorially very difficult but also very
important.

The preservation of type of monotonicity is formulated using matroid
theory: there needs to be a matroid associated with the monotone map and
this matroid must stay the same when you permute the parameters.

In particular the graphs of monotone maps and structures are also regu-
lar in a topological sense and they have a nice exchange property - you can
change between domain and range and the same graph defines both, which
you can see trivially in R2 in Figure 10.

In dimension 3 (and 2) you can have Cylindrical Algebraic Decompo-
sition with semimonotone sets as your cells and with continuous top and
bottom functions. For dimension 4 it is a ‘almost true’ except you have to
use certain linear change of coordinates along the way.

The topics discussed in this seminar were based on [1].
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