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This paper examines whether emergent behaviour is observed in dielectric composites,
i.e. mixtures of two phases with zero conductivity and of permittivity ε1 and ε2. The model
developed enabled the study of random capacitor networks which contain capacitors
of two different magnitudes (C1 and C2), which represent the two individual dielectric
phases of a composite. The effective capacitance of the network was examined as a
function of the individual capacitor magnitudes and their volume fraction. The capacitor
networks exhibit an emergent region where there is low variability between individual
random networks of a particular composition. The logarithm of the network capacitance
scaled linearly with the logarithm of the capacitance ratio (C1 and C2), indicating that
under particular conditions a logarithmic mixing rule can be used to determine the
properties of dielectric mixtures.

Introduction

Significant interest remains in research related to the determination of the effective electrical
properties of dielectric mixtures [1–9]. The type of mixtures considered range from synthetic
composite materials with tailored electromagnetic properties, such as carbon-black epoxy
[1] or polymer-ceramic nanocomposites [2], to natural composites such as wet rocks or ice
[3]. Research has included experimental measurements [10], theoretical approaches [11]
and computer simulations [4] and a number of reviews exist on the research which aims to
correlate the permittivity of a heterogeneous mixture to the properties and distribution of
its individual components [4–9].

Recent studies have demonstrated that the frequency dependent electrical characteris-
tics of a two-phase conductor-insulator composite material are related to the intricate electri-
cal network formed by the microstructure of the material [12, 13]. It was demonstrated that
large networks of randomly positioned electrical components exhibit unexpectedly well-
defined characteristics [14], described as ‘emergent scaling,’ whereby a logarithmic scaling
rule [15] describes the conductance of the bulk network as a function of frequency. The
study of mechanically loaded random networks [16] also revealed that these systems also
have an emergent region, indicating that random networked systems may have a universal
character.

The aim of this paper is to examine whether such emergent behaviour is observed in
dielectric composites, i.e. mixtures of two phases of zero conductivity and of permittivity
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Figure 1. Initial model and model definitions.

ε1 and ε2. The work examines the properties of random capacitor networks which contain
capacitors of two different magnitudes (C1 and C2) which represent the two individual
dielectric phases (ε1 and ε2) of a composite. The effective capacitance of the network (Ceff)
is examined as a function of the individual capacitor values (C1 and C2) and volume fraction
of each capacitor type (α).

Capacitor Network Development

Structure of the Model and Model Definitions. The model developed measured the
impedance, Z, or admittance, Y , of a 2-dimensional random capacitor network. A voltage
source Vi was applied to the network, as shown in Fig. 1, and the ratio of the voltage across
the network to the current through the network provides the complex impedance. The series
impedance,Zs , in Fig. 1 represents the sum of the internal impedance of the voltage source
and any additional series impedance which may be inserted into the circuit. A 100k� series
resistance was used in the model, which was sufficiently large to ensure a constant source
current both over time and from one random network realisation to the next, yet was not so
large as to render the total current impractically small.

The random network in Fig. 1 was built from a 2-dimensional rectangular array of
‘node points’. Impedances exist between a node and the nodes immediately above, below,
left and right to form a grid of rectangular meshes as shown in Fig. 2. Each mesh was
designated a 2-digit number where the first digit represents the mesh row and the second
digit represents the mesh column (e.g. see ‘Mesh 24’ in Fig. 2). Mesh ‘00’ is an outer mesh
in which the source and the series impedance of Fig. 1 reside. Row impedance Zr (m, n) is
located on the top edge of Mesh mn while column impedance Zc(m, n) is located on the
left-hand edge of Mesh mn. The impedance on the bottom edge of Mesh mn is therefore
the impedance Zr (m + 1, n), providing m does not represent the bottom row, while that on
the right-hand edge of Mesh mn is impedance Zc(m, n + 1), providing n does not represent
the rightmost column. The impedances along the top and bottom rows are set equal to
zero and these rows represent planar electrodes, as would be applied to a material when
undertaking experimental capacitance measurements.

Determination of Currents Flowing Within the Model. Local currents flow around each
mesh in the network and positive currents are defined such that the current Imn flows
clockwise around Mesh mn. From Kirchoff’s law, the sum of the voltages across each of
the impedances around a mesh must equal the voltage sources in that mesh. As a result,
these voltages must sum to zero. For example, for Mesh 24:

0 = Zc
24(I23 − I24) + Zr

24(I14 − I24) + Zc
25(I25 − I24) + Zr

34(I34 − I24) (1)
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Figure 2. Image of rectangular two-dimensional grid showing node points and mesh.

or

0 = (−Zc
24 − Zr

24 − Zc
25 − Zr

34)I24 + Zc
24I23 + Zr

24I14 + Zc
25I25 + Zr

34I34 (2)

In the case of Mesh 00:

V = (Z + Zc
11 + · · · + Zc

41 + Zr
11 + · · · + Zr

15 + Zr
41 + · · · + Zr

45)I00

−Zc
11I11 − · · · − Zc

41I41 − Zr
11I11 − · · · − Zr

15I15 − Zr
41I41 − · · · − Zr

45I45 (3)

In the case of a Mesh 11 which borders Mesh 00 (Fig. 2):

0 = (−Zc
11 − Zr

11 − Zc
12 − Zr

21)I11 + Zc
24I00 + Zr

24I00 + Zc
25I12 + Zr

21I21 (4)

As a result of the impedances and the voltages V in Fig. 2 these equations represent
(4 × 5) + 1 simultaneous equations in (4 × 5) + 1 unknown mesh currents and can be
represented by the matrix below.

⎡
⎢⎢⎢⎣

V

0
...
0

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

AA AB · · · AZ

BA BB · · · BZ
...

...
. . .

...
ZA ZB · · · ZZ

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Z - matrix

⎡
⎢⎢⎢⎣

I00

I11
...

I45

⎤
⎥⎥⎥⎦ (5)
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The mesh currents within the network can be found by inverting the Z-matrix, such that,

⎡
⎢⎢⎢⎣

I00

I11
...

I45

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

AA AB · · · AZ

BA BB · · · BZ
...

...
. . .

...
ZA ZB · · · ZZ

⎤
⎥⎥⎥⎦

−1 ⎡
⎢⎢⎢⎣

V

0
...
0

⎤
⎥⎥⎥⎦ (6)

To solve the overall response of a m × n network, the Z-matrix elements can be solved by
considering the mesh equations for Mesh mn:

0 = (−Zc
mn − Zr

mn − Zc
m(n+1) − Zr

(m+1)n

)
︸ ︷︷ ︸

Column corresponding to mesh mn (on the matrix diagonal)

Imn + Zc
mn︸︷︷︸

···to m(n−1)

Im(n−1)

+ Zr
mn︸︷︷︸

···to (m−1)n

I(m−1)n + Zc
m(n+1)︸ ︷︷ ︸

···to m(n+1)

Im(n+1) + Zr
(m+1)n︸ ︷︷ ︸

···to (m+1)n

I(m+1)n (7)

together with the equation for Mesh 00:

V = (
Z + Zc

11 + · · · + Zc
Nr 1 + Zr

11 + · · · + Zr
1Nc

+ Zr
Nr 1 + · · · + Zr

NrNc

)
︸ ︷︷ ︸

Column corresponding to mesh 00 (on the matrix diagonal)

I00

− Zc
11︸︷︷︸

···to 11

I11 · · · − Zc
Nr 1︸︷︷︸

···to Nr 1

INr 1 − Zr
11︸︷︷︸

···to 11

I11 · · · − Zr
1Nc︸︷︷︸

···to 1Nc

I1Nc
− Zr

Nr 1︸︷︷︸
···to Nr 1

INr 1

− · · · − Zr
NrNc︸ ︷︷ ︸

···to NrNc

INrNc
(8)

Now that a random network of electrical elements can be solved using the approach
detailed above, the next stage is to construct random capacitor networks. To represent a
dielectric composite consisting of two phases of different permittivity (ε1 and ε2) a network
was built consisting of two individual capacitor types (C1 and C2). The fraction of each
capacitor type C1 and C2 was defined as αc and (1- αc) respectively.

Figure 3a shows a 16 × 16 random network and the upper and lower rows that
form parallel-plate electrodes. Using a ‘dependent-probabilities’ method, there is exactly
one component between each pair of nodes. To determine each component type, a ran-
dom number was drawn from a uniform U (0, 1) distribution. If the random number was
below αC , where 0 ≤ αC ≤ 1, the component was capacitor C1. If the number was be-
tween αC and unity, the component was a capacitor C2. The 16 × 16 random network
shown in Fig. 3a has 15 × 16 column impedances and, on account of the parallel-plates,
14 × 15 operational row impedances. For an n × n network, this amounts to:

n (n − 1) + (n − 1) (n − 2) = 2 (n − 1)2 (9)

impedances in total.
The complex ohmic values of the impedances found in this particular realisation of the

network are given one of two imaginary (capacitive) values, corresponding to either C1 or
C2. Figure 3b and 3c show the location of capacitors C1 and C2 arise in a network where
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Figure 3. (a) A 16 × 16 random network with the upper and lower rows to form parallel-plate
electrodes. There is one capacitor (C1 or C2) component between each pair of nodes. The location of
capacitors C1 (b) and C2 (c) in a network are shown for αc = 0.5.

αc = 0.5 (i.e. a 50:50 mixture of C1 and C2). Each node is filled with a capacitor in either
one or the other of the figures (Fig. 3b–c).

Capacitor Values Used in the Random Network Model. This final section provides details
of the electrical conditions used in the network. The ratio of the susceptances of the C1 and
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Figure 3. (Continued)

C2 capacitors is given by,

jωC1 : jωC2 (10)

In order to provide a large range of contrasting C1 and C2 magnitudes for the capacitors
in an attempt to model dielectric mixtures containing phases of different permittivity, the
model sets ω and C2 as constants and C1 was gradually increased from very small values
to very large values (i.e. from C1 � C2 to C1 � C2). It is assumed C1 = kC̄1 where C̄1 is
a constant. The ratio of the two susceptances is then:

jωkC̄1 : jωC2 (11)

jkB1 : jB2 (12)

where B1 = ωC̄1 and B2 = ωC2 are both constant susceptance terms. In the model, k ranges
from 200 to 2 × 109 and by setting C̄1 = 10−14 (i.e. 0.01 pF), C1 = kC̄1 varies between 2
pF and 20 µF. The value of C2 was fixed at a constant magnitude between the two extremes
of values for C1 so that the ratio C1/C2 (defined as ‘contrast’) varied from small (∼0.0001)
to large values (∼100000). The model was solved at each increment of C1. The angular
frequency, ω , is fixed at 10 M rad s−1, corresponding to a frequency of 1.59 MHz, so that
B1 = ωC̄1 = 10nS and B2 = ωC2 = 1mS.

Results

Networks were modelled with different C1 and C2 volume fractions (αc = 0.3, 0.5 and 0.7)
and multiple random networks were examined at the same fraction to study the variability
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of the network capacitance as a result of different random arrangements of C1 and C2.
The model output results for 30 realisations of the random network with a 50:50 ratio of
capacitors C1 and C2 (i.e. αc = 0.5) are shown in Fig. 4a. Network results for a 30:70 and
70:30 ratio of capacitors C1 and C2 (i.e. αc = 0.3 and 0.7) are shown in Fig. 4b and Fig. 4c
respectively.
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Figure 4. Network results of 30 individual random networks consisting of capacitors of values C1

and C2 of composition (a) αc = 0.5 (50:50 mix), (b) αc = 0.7 (70:30 mix) (c) αc = 0.3 (30:70 mix).
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Figure 4. (Continued)

Similar observations can be made to the results for frequency dependent properties
of resistor-capacitor networks [12] and mechanical networks [16]. The capacitor networks
exhibit emergence in the central region of the graphs in Fig. 4a–c where there is low vari-
ability between individual random networks of a particular composition (see for example
Fig. 4a). In this region the contrast (C1/C2) between the values of the two capacitor values
is relatively low and currents are likely to be flowing through both capacitor types. Figure
5 shows the variability (bandwidth) of networks as function of capacitor contrast (C1/C2)
for each network composition.

In the region of low variability (emergent region) a logarithmic scaling rule describes
the capacitance of the network,

Ceff = C
αc

1 .C
1−αc

2 (13)

Rearranging Equation 13 gives rise to,

Ceff

C2
=

(
C1

C2

)αc

(14)

Equation 14 indicates that the gradient of log (Ceff/C2) versus log (C1/C2) data, as plotted
in Fig. 4, should equal the fraction of C1 capacitors (αc). Figures 4a–c indicates that very
good agreement exists between the slope of the central emergent region and the volume
fraction of C1, as also observed by Murphy et al. [16] for mechanical networks. The extent
(width) of the emergent region has also been observed to increase with network size [16].

At the extremes of capacitor contrast (high or low C1/C2) the variability between the
networks increases (see Fig. 4 and Fig. 5) and no emergent region exists. At high contrast
values the degree of connectivity of the capacitors is important due to percolation paths
of connected C1 or C2 capacitors. For example if C1 � C2 (high C1/C2) currents will
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Figure 5. Variability of networks as function of capacitor contrast (C1/C2) for each network com-
position.

preferentially flow through C1 at a specific frequency due to its higher susceptance. For
the network with a 70:30 ratio of C1 and C2 (i.e. αc = 0.7) the C1 are in a majority and
are likely to percolate across the network, while C2 is in the minority and is unlikely to
percolate through the network. In this case when C1 → 0 and C1 � C2 (left hand side of
Fig. 4b) the 70:30 network value approaches very small values and when C1 � C2 and
C1 → ∞ the network approaches very large values (right hand side of Fig. 4b). However,
for a 30:70 ratio of C1 and C2 capacitors (i.e. αc = 0.3) the C1 components are in a minority
and are unlikely to percolate across the network, while C2 is in the majority and is likely to
percolate across the network. As a result, when C1 � C2 the C1 acts like an open circuit
and the network value approaches a constant value (left hand side Fig. 4c). Similarly when
C1 � C2 the C1 acts like a closed circuit and the network value approaches a constant,
but higher, value (right hand side in Fig. 4c). For a 50:50 mixture of C1 and C2 (Fig. 4a)
percolation of C1 and/or C2 is possible giving rise to all four potential conditions at high
levels of capacitor contrast (left and right hand sides of Fig. 4a).

Conclusions

This work has examined the properties of networks of random capacitors in an attempt to
model the behaviour of dielectric composites. The capacitor networks exhibit an emergent
region where there is low variability between individual random networks of a particular
composition. For high capacitor contrast (i.e. C1 � C2 or C1 � C2) the overall capacitance
of the networks of the same composition was observed to be highly variable (Fig. 5) and
strongly dependent on the degree of connectivity and the presence of percolation paths
within the networks (Figs. 4a–c).

While the degree of ‘connectivity’ [17] of the two phases is often considered to be
important, the observed emergent behaviour demonstrates that for composites containing
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dielectric phases with low contrast (i.e. relatively low difference between ε1 and ε2) a simple
logarithmic mixing rule [15] can be used to predict the composite dielectric constant (εeff),
namely:

εeff = εα
1 .ε1−α

2 (15)

where α is the volume fraction of phase ε1.
This work is of relevance when the effective dielectric constant of the composite must

be known based on mixtures two (or more) phases of different dielectric constant. The
networks developed are also of interest in studying the variation in properties of dielectric
composites or designing composites with low variability.
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