


layer leads to an expansion, while a negative potential
leads to a contraction. The maximum positive voltage
of 1500 V represents a limit to avoid dielectric break-
down of the piezoelectric and corresponds to a free
strain of 1350 mstrain. The 2500 V cannot be exceeded
since it can lead to depolarization of the piezoelectric
and corresponds to a free strain of 2450 mstrain. The
design variables include the nonuniform ply thick-
nesses, t1 and t2, and laminate edge length, L, as well as
the ply orientations. However, all locally optimum
designs for this problem are found at the upper or lower
bounds of the geometric variables. We therefore present
results with the square laminate edge length set to

0.15 m, and the uniform single ply thickness set to
0.1 mm, noting that an increase in edge length or a
decrease in ply thickness will increase the achievable
deflection but not affect the general pattern of results
observed.

Figure 8 shows the constrained design space for three
example loading directions, 0�, 20�, and 45�, chosen to
show the behavior across the range shown in Figure 5.
For each loading direction, we present the results for the
snap-through voltage constrained by the upper limit of
the working range, 1500 V, where the infeasible region
is marked in light gray. Each example is repeated for a
range of deflection constraint values (30–70 mm at

Figure 5. Variation in design space for a [0Piezo/u1/u2/u2 + 90/u1 + 90/90Piezo] laminate, contours representing the objective function,
with change in loading direction, f1.
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10-mm intervals, 30, 50, and 70 mm shown in Figure 8),
with the infeasible regions marked in dark gray. The
local solutions are marked with black dots, and the glo-
bal solutions are marked with white dots.

The global optimum solutions are summarized in
Table 1. We see in Figure 8(a) that the global optimum
solution for 0� loading direction and the deflection con-
straint of 30 mm is not affected by the constraints.
Some local solutions are found to be infeasible, but [0/
90/0/90] is still the global optimum with a value of
0.737. As the deflection constraint is increased to
50 mm, this solution becomes infeasible and a new glo-
bal optimum is found on the deflection constraint
boundary at [2/76/214/288] with an increased value of
0.754 (Figure 8(b)). Increasing the deflection constraint
further to 70 mm continues to move the solution away
from the unconstrained optimum. The actuation

constraint (light gray region) remains inactive for all
deflection values in Figure 8(a)–(c).

For the solutions with loading direction of 20�, a
similar pattern is observed (Figure 8(d)–(f)). For the
low deflection constraint of 30 mm, the global optimum
is unchanged, [22/259/31/268] with a value of 0.811
(Figure 8(d)). An additional local solution is found
where the actuation constraint is active. As the deflec-
tion requirement is increased from 30 to 50 mm, the
global solution is shifted by the deflection constraint
boundary to [21/256/34/269] with a value of 0.813,
and an additional local solution constrained by the
actuation requirement appears (Figure 8(e)).

Finally, for the loading direction at 45�, we see a
slight change in the pattern of the optimum solutions
(Figure 8(g)–(i)). Due to the symmetry of this particular
problem, we find two solutions of equal objective value.
For the 30-mm deflection problem, these solutions are
unconstrained and are found at [43/238/52/247] and
[243/38/252/47] with a value of 0.936 (Figure 8(g)). As
the deflection constraint is increased, these two solu-
tions move simultaneously to points on the constraint
boundary, still with equal but a higher objective value
(Figure 8(h) and 8(i)). In all cases, the light gray actua-
tion constraint remains inactive for the global optima.

These examples demonstrate that actuation through
the use of two orthogonal piezoelectric layers is achiev-
able for this family of laminates. Furthermore, the state
change is achievable while maintaining a useful deflec-
tion between states and a reasonable improvement on
the typical high-deflection cross-ply designs, as shown
in Figure 6.

In all examples examined in this article, the actuation
voltage constraint was not the constraining factor for
the global optimum designs. This problem formulation
also makes use of only one of the piezoelectric layers at
any one time with the second piezoelectric layer used
for the reverse actuation. Given that we do not use the
full capacity of the actuation and neglect the potential
of the second layer to contract under the application of
a negative bias, there is scope for a reduction in the
total voltage requirement.

Combined Use of Two Piezoelectric Layers

The piezoelectric layers modeled in this work have a
working range of 2500 to 1500 V. However, frequent
use at these high-voltage levels can lead to degrada-
tion of the piezoelectric and a reduced lifespan
(Hooker et al., 2007; Pritchard et al., 2001).
Furthermore, the use of drive voltages in excess of
1000 V may limit application of the technology due
to safety concerns or the need to rectify local power
sources. Having considered only the use of the posi-
tive range of one piezoelectric layer so far and having
shown that this constraint is not active at the global
optima for all cases, we investigate whether the

Figure 6. Variation in objective function with change in loading
direction.

Figure 7. Deflection between states for a [0Piezo/u1/u2/u2 + 90/
u1 + 90/90Piezo]T laminate.
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Figure 8. Constrained design for loading directions (a–c) f1 = 0�, (d–f) f1 = 20�, and (g–i) f1 = 45� for different deflection
constraint values of 30, 50, and 70 mm. Light gray regions infeasible due to voltage constraint, and dark gray regions infeasible due to
deflection constraint.

Table 1. Global optimum solutions.

Loading
direction (f�)

Deflection
constraint (mm)

First ply angle (u�) Second ply angle (u�) Actual deflection (mm) Objective
function

0 30 0 90 43.3 0.737
40 0 90 43.3 0.737
50 2 76 50.0 0.754
60 4 68 60.0 0.773
70 2 56 70.0 0.787

20 30 22 259 46.7 0.811
40 22 259 46.7 0.811
50 21 256 50.0 0.813
60 21 244 60.0 0.832
70 20 236 70.0 0.854

45 30 43 238 44.2 0.936
40 43 238 44.2 0.936
50 41 233 50.0 0.943
60 39 225 60.0 0.972
70 36 219 70.0 1.014
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actuation voltage requirement can be reduced by
simultaneously utilizing the negative voltage range of
the layer on the opposite laminate surface.

We first analyze the voltage requirement for each
optimum stiffness solution shown in Table 1. Figure 9
shows the variation in the total voltage requirement
(top layer voltage + bottom layer voltage) for each
loading direction for the 50-mm deflection problem.
The black dots indicate the lowest combination of
voltages for each example. For the 45� loading direc-
tion, the optimum solution is found when the bottom
layer voltage is 0 V. We therefore find no improve-
ment in the voltage requirement. For the 20� loading
direction, we again find the optimum solution is to
use only the positive range of the top layer. However,
the increase in combined voltage with increase in neg-
ative voltage is more gradual. For the 0� loading
direction, this pattern is reversed, with the optimum
combination found at the negative voltage limit,
2500 V. This is combined with a small positive vol-
tage of 30 V for the opposite layer. The combined

requirement of 530 V represents a 23.7% reduction
on the total applied voltage using only one piezoele-
tric layer. The results for all cases are shown in
Table 2.

We find that a reduction in the total voltage
requirement is achievable for the 0� loading direction
with up to 33.8% reduction from the corresponding
single-layer actuation solutions. In the case of a 40-
mm deflection constraint, [0Piezo/0/90/0/90/90Piezo],
we see that using a negative-voltage input on the bot-
tom layer without the top layer actuation requires a
low-voltage input. For the 20� loading direction,
there is a clear switching point where the use of the
bottom layer no longer aids actuation. This is also the
case for all 45� loading direction cases. Whether the
bottom layer actuation is effective is dependent on
the orientation of the piezoelectric layers relative to
the laminate major curvature.

This study only considered orthogonal piezoelectric
layers and showed that the use of both layers simulta-
neously can reduce the total voltage requirement. This
suggests that there is scope for further improvement by
relaxing the constraint on the piezoelectric layer orien-
tations and making use of the full working range of the
layers.

Conclusion

This article presents an optimization study for the
design of reversibly actuated bistable orthogonal lami-
nates. This class of laminates has been chosen to allow
tailoring of the directional stiffness while offering a
maximum useful deflection between states. The optimi-
zation study has been enabled by the incorporation of
two orthogonal piezoelectric layers into an existing
analytical solution for the shapes of bistable laminates.
We use the objective function to maximize the bending
stiffness of the laminates in a chosen loading direction.
Two constraints are imposed: a minimum deflection
and the voltage applied to the piezoelectric layers.

Table 2. Voltage requirements using both piezoelectric layers simultaneously.

Loading
direction (f�)

Deflection
constraint (mm)

Top layer (V) Bottom layer (V) Combined voltage (V) Reduction (%)

0 40 0 2410 410 33.8
50 30 2500 530 23.7
60 215 2500 715 11.7
70 355 2500 855 1.7

20 40 75 2500 575 2.5
50 590 0 590 0
60 675 0 675 0
70 775 0 775 0

45 40 865 0 865 0
50 815 0 815 0
60 940 0 940 0
70 1085 0 1085 0

Figure 9. Combined voltage requirements for a 50-mm
deflection.

2190 Journal of Intelligent Material Systems and Structures 22(18)

 at University of Bath on January 24, 2012jim.sagepub.comDownloaded from 

http://jim.sagepub.com/


With the ply orientations and laminate geometry as
variables, we find the optimization problem to be mul-
timodal, with the interactions of the multiple local
optima with the constraint boundaries dependent on
the chosen loading and snap-through directions and
the values of the constraints. We use a sequential quad-
ratic programming method to solve the optimization
problem. Given the complex and multimodal nature of
the actuated bistable laminate design problem, multiple
starting points are required to capture all local optima.

We use the optimization tool to investigate the total
voltage requirements. Through the combined use of the
positive and negative applied voltages to the top and
bottom piezoelectric layers, we find that a reduction in
the total actuation voltage of up to 33.8% is achievable
in some cases.
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