Modelling the ‘universal’ dielectric response
in heterogeneous materials using
microstructural electrical networks

C. R. Bowen* and D. P. Almond

The frequency dependent conductivity and permittivity of a ceramic composite are modelled
using electrical networks consisting of randomly positioned resistors and capacitors. The
electrical network represents a heterogeneous microstructure that contains both insulating (the
capacitor) and conductive regions (the resistor). To validate model results, a model ceramic
conductor—insulator composite was designed consisting of a porous lead zirconate titanate
impregnated with different concentrations of water. Excellent agreement between experimental
and model data was achieved with a strong correlation with many other ceramics, glasses and
composites. It is proposed that the ‘universal’ dielectric response of many materials is a
consequence of microstructural heterogeneity. The modelling approach could be used as a
simple and effective method for microstructural design of ceramics and other materials with

tailored dielectric properties.
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Introduction

Heterogeneous materials containing phases that are
conductive and dielectric (insulating) are present in a
wide variety of man made materials and in nature. A
striking observation is that many of these systems
display a similar frequency dependent conductivity and
permittivity, namely Jonscher’s ‘universal dielectric
response’ (UDR).! Examples of UDR behaviour in
ceramic materials are in Fig. 1, which show the ac
conductivity of an Al,O;-TiO, ceramic composite® and
a doped zirconia at a variety of temperatures. At low
frequencies the bulk (real) ac conductivity o (0) is
frequency independent, but at higher frequencies the
ac conductivity increases, following a power law
behaviour such that

a(w)oc" (D

where w is angular frequency (2nf) and n is typically
0-6<n<1-0. The real part of the permittivity ¢’ can be
expressed by a power law decay® such that,

g ocaw™! ®)

The universality is considered incompatible with con-
ventional Debye behaviour, the distribution of relaxa-
tion times (DRT) and stretched exponential approach,*
Many body theories, fractal behaviour and hopping
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models have also been proposed.’”’” Because the power
laws are observed in a range of single crystal, poly-
crystalline and amorphous materials including ceramics,
polymers, composites, wet cements, electronic and ionic
conductors, it is important that any model must be able
to account for the ubiquity of the UDR. For this reason
there has been interest in the examination of the
electrical response of random resistor—capacitor net-
works, which represent a heterogeneous microstructure
consisting of conducting and insulating regions.> '> An
example of a microstructure that can be regarded as a
resistor—capacitor network is shown in Fig. 2, the
Al,O3-TiO, ceramic composite in Fig. 1a, which con-
sists of an intimate mixture of insulating Al,O;
(capacitor regions) and conducting TiO, (resistor
regions). For the doped zirconia in Fig. 15, the disorder
is on a smaller scale whereby conducting oxygen
vacancies are distributed in an insulating zirconia host.
Other examples, which exhibit the UDR and have
different scales of conductor-insulator heterogeneity,
include rock-water and cement-water mixtures, Na /-
alumina (sodium ions in conducting channels between
insulating alumina blocks), conducting glasses, carbon
loaded polymers, polymer blends, colloids, emulsions
and biological tissues.

Typical response of microstructural
electrical networks

A detailed analysis of the properties of random resistor—
capacitor networks has been presented by Almond
et al'®'? As a typical example, the electrical response
of a network of randomly positioned resistors and
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1 ac conductivity of a Al,O3 (insulator)-TiO, (conductor)
composite? and b doped zirconia at various temperatures

capacitors, determined using circuit simulation software,
is shown in Fig. 3. The network was a square 512
component lattice in which 60% of the components were
1 kQ resistors and 40% were 1 nF capacitors.

CAIZOS

2 Microstructure of Al,03;-TiO, composite: grey phase
corresponds to Al,O; phase (capacitor, Ca203); White
region corresponds to TiO, (conductor, Fn’Tioz)2
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3 Simulations of a conductivity and b capacitance of 2D
square network containing 512 randomly spaced com-
ponents, 60% 1 kQ resistors and 40% 1 nF capacitors:
R '=wC is satisfied at frequency of 1-6 x 10° Hz

At low frequencies (<10° Hz) a frequency indepen-
dent conductivity ¢ (0) is observed, as shown in Fig. 3a.
In this frequency range current flows preferentially
through the resistors and ¢ (0) corresponds to the one
or more percolation paths of resistors across the
network. At higher frequencies (>10* Hz) the resistor—
capacitor network exhibits a frequency dispersion with
clear power dependencies of conductivity and capaci-
tance. The origin of the frequency dispersion can be
determined by considering the response of the individual
resistor and capacitor components with increasing
frequency. The resistor conductivity R™' is frequency
independent; however the conductivity (admittance) of
the capacitor wC increases linearly with frequency. At a
sufficiently high frequency the capacitor admittance is
comparable with the resistor conductivity R~ '=wC and
in this frequency range both the resistors and capacitors
now contribute to the overall network response. For the
particular network in Fig. 3 the condition R=wC is at
1:6 x 10° Hz, because R=1kQ and C=1 nF. As the
frequency is further increased the capacitor admittance
continues to increase and the network ac conductivity
rises with fractional powers of frequency (Fig. 3a) and
the network capacitance falls as fractional powers of
frequency (Fig. 3b). A comparison of the network
response in Fig. 3 with the experimental data in Fig. 1
and equations (1) and (2) show that the electrical
network response is qualitatively similar to the UDR.

Origin of power law response

To explain the characteristics of a complex network of
resistor and capacitor components, it has been sug-
gested'>!* that a logarithmic mixing rule'>™'” be used. If
a fraction o of the components are capacitors, the
network complex conductivity ¢* and complex capaci-
tance C* are given by

o =(ioC)*(R~")' =% [hence o* oc ?] (3)

C*=0"/iw [hence C* ocy* ™! 4

Equation (3) implies that the power law exponent for the
conductivity equals the fraction of the network filled
with capacitors (¢=0-4), and this is in good agreement
with the network response in Fig. 3a, which exhibits
a slope of 0-4. Similarly, the power law decrease in
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network capacitance should have an exponent of
oa—1=-0-6, also matching the observed network simu-
lation response in Fig. 3b. Such correlations between
the power law dependencies and the network composi-
tion have been made with large numbers of resistor—
capacitor networks of various compositions containing
up to 32 768 components. '

Applying logarithmic mixing rule to
heterogeneous materials

If the microstructure of a heterogeneous conductor—
insulator material is to be modelled as a large network
of conductive and capacitive islands, the resistor and
capacitor values of equations (3) and (4) are replaced by
the corresponding conductivity ¢ and permittivity e,
assuming the two phases have similar aspect ratios.
The measurable bulk conductivity and relative permit-
tivity predicted by the logarithmic mixing rule are
now! 111415

Gmeas = (weeg)(0)' ™ * cos (am/2) (5)

Emeas = (we)" 'e%a! ~*sin(am/2) (6)

where ¢ is the conductivity of the conducting phase, ¢ is
the relative permittivity of dielectric phase, & is the
permittivity of free space and « is the fractional volume
of the material occupied by the insulating (dielectric)
phase. Equations (5) and (6) indicate that ¢ (w) oc @*
and & (w) oc @™ and comparison with equations (1) and
(2) implies that the power law exponent #, in the UDR is
directly related to the volume fraction of dielectric phase
o in a heterogeneous conductor—insulator material.

Model material design

In order to experimentally examine whether power law
behaviour is the response of a microstructural electrical
network, a composite system was designed with a
microstructure containing a network of interconnected
conductive and dielectric phases. The requirements for
the model system were that
(i) it must be possible to independently characterise
the conductor conductivity ¢ and dielectric
relative permittivity ¢
(ii) the dielectric volume fraction o must be known
(iii) the properties of each phase should, ideally be,
frequency independent.
In addition, the power law dispersions must occur in an
appropriate frequency range for electrical characterisa-
tion (typically <10 MHz). As previously described,
power law dispersions are observed in the electrical
networks when the admittance of the capacitor region
wC is similar to that of the resistor components R™'.
For a two phase material consisting of a conductor of
conductivity o, and an insulator of permittivity &, this
condition corresponds to g=ggw (assuming the two
phases have similar volumes and shapes). Because
relative permittivities of dielectrics are typically ~2 to
~3000, the conductivity of the conducting phase must
be less than ~107!'Sm™!: which excludes metallic
materials. The two materials selected to form a model
test system were a porous (78% dense) lead zirconate
titanate (PZT) ceramic as the insulator (¢=1500 for the
dense material) and water as the conductive phase owing
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4 Measurements of a relative permittivity of porous PZT
sample, b conductivity of water at equilibrium with
immersed PZT fragments (see text), ¢ conductivity and
d relative permittivity of sample saturated with water

to its ease of impregnation into the PZT pore space and
its sufficiently low conductivity (~0-1 S m™").

To manufacture the ferroelectric ceramic, PZT
powder was mixed with a polymer additive that
volatilised on sintering (1250°C) to form a porous PZT
pellet. The pellet had a diameter of 10-5 mm, a thickness
of 3 mm and a density 78% of the theoretical density of
PZT. Silver paste electrodes were applied to the two
circular faces and measurements were made using a
Solatron 1260 impedance analyser with a Solatron 1296
dielectric interface. The measured relative permittivity of
the porous PZT pellet, before the introduction of the
water, is shown in Fig. 4a and is featureless across the
frequency range shown and, as a result of the porosity,
has a magnitude lower than that of the fully dense bulk
material. Figure 4b shows the frequency dependence of
the conductivity of the water that had been previously
immersed in PZT for several days to simulate the
condition of the water in the PZT pore space. The water
conductivity is also featureless across the frequency
range, apart from a fall in conductivity at low
frequencies that is attributed to an electrode polarisation
effect, commonly observed in ac measurements of all
types of ionic conductor.

Experimental results of PZT water
system

Frequency dependent permittivity and ac
conductivity of saturated sample

After characterising the individual phases the pore space
of the PZT ceramic was impregnated with water under
vacuum. The resulting 78 vol.-%PZT-22 vol.-% water
mixture represents a model conductor—insulator micro-
structure where the fraction of insulating phase o is 0-78
and, because epz7=1500 and oyue;= 013 Sm™ !, the
condition Gyue =6pzTEOW 18 satisfied at just over 1 MHz.

The frequency dependent ac conductivity and relative
permittivity of the porous PZT sample saturated with
water are shown in Fig. 4c and d. The ac conductivity
shows a high frequency dispersion that is typical of both
the UDR and the electrical network response. The
relative permittivity is raised above the magnitude
measured in the dry sample and it exhibits a clear
power law decay with frequency. From equation (6), the
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5 Measurements of a ac conductivity and b relative per-
mittivity during drying of PZT-water mixture

power law exponent for the decrease in relative
permittivity with frequency is «—1. Because the volume
fraction and density of the PZT was 78%, the slope of
data in Fig. 4d is predicted to be —0-22. The line drawn
in Fig. 4d is the system relative permittivity obtained
from equation (6), setting «=0-78, using the bulk PZT
relative permittivity ¢ of 1500 and a water conductivity
of 0-13 S m™ !, indicated by the measurements shown in
Fig. 4b. Since only materials properties have been used
and there are no adjustable parameters, the overall
agreement with the data is excellent.

The same properties were used in equation (5) to
calculate the frequency dependent component of the ac
conductivity, which was added to the percolation
plateau, equation (7)

Gimeas = 0(0) + (wepz180) (0, )| ~* €08 (2/2) (7

where ¢(0)=0-0048 Sm™' was used to generate the
curve shown in Fig. 4c. Again, the overall agreement
with the data is excellent.

Frequency dependent permittivity and ac
conductivity during drying (0—1)

After the saturated measurements were made, the PZT
was allowed to dry and measurements were made at
regular intervals. Figure 5 shows the change in con-
ductivity and permittivity as the composite composition
varies from a fully saturated state (where «=0-78) to a
dry state (where a—1). The magnitude of the frequency
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independent conductivity, ¢(0), decreased as the sample
dried owing to the decrease in the amount of water
contributing to the conductive percolation paths at low
frequencies (<104 Hz) when oyaer>epzréow. In addi-
tion, since the frequency dispersion occurs when the ac
conductivity of the microstructural network (equation
(5)) is comparable with ¢ (0), the frequency dispersion is
observed at lower frequencies as the water content
decreases and o—1.

There is a strong similarity between the ac conductiv-
ity results shown in Fig. 5a and that of the thermally
activated ceramic conductors at different temperatures,
as shown in Fig. 1b. The typical conductivity power law
exponent for thermally active conductors ranges from
0-6-0-7 at high temperatures to ~ 1 at low temperatures.
This correlates well with equation (5), because for a
thermally activated conductor it would be expected that
as T—0, the fraction of conductor decreases and a—1.
Dyre® stated that a ‘universal’ ac characteristic is that
the power law regime is less temperature dependent than
the low frequency plateau conductivity. This can be
viewed as a consequence of the less temperature
dependent dielectric phase contributing to the conduc-
tivity in the power law region (where wC=g), while the
low frequency o (0) is dependent solely on the con-
ductive phase. The high frequency power law regime in
Fig. 5a is also less dependent on drying conditions for
the same reason.

As the sample was dried and o—1, both the
permittivity magnitude and gradient of the response in
Fig. 5b decreased, as would be expected from equation
(6). When the sample was fully dry the relative
permittivity returned to the values shown in Fig. 4aq,
but the conductivity did not fall to zero. There was no
observable ¢ (0) in the frequency range examined, but a
conductivity rising linearly with frequency remained was
present (see ‘dry’ data in Fig. 5¢). The sample was
heated in a vacuum furnace at 225°C to remove all traces
of water but this had no effect on this residual
conductivity. A very similar ac conductivity component
was found in a fully dense sample of PZT that had not
been exposed to water. Until now the dielectric region is
assumed to be non-conductive, while the origin of this
residual conductivity component is suggested by equa-
tions (5) and (6) in the limit of a—1

Omeas —>ggoa)(1 - OC)TE/Z (8)

Emeas ™ FF(; ! 9

If the dielectric material is permeated by a small
proportion 1—a of conducting phase, equation (8)
indicates that it will exhibit an ac conductivity rising
linearly with frequency (the actual gradient of the ‘dry’
PZT curve in Fig. 5a is 0-98). An ac conductivity rising
linearly with frequency has been widely reported®!® as a
frequency independent dielectric loss, &'=a(w)/egew and
this provides a possible explanation of this phenomenon,
because when o—1, &'—&(1—o)m/2.

Prediction of power law dispersion in
other heterogeneous systems
While the authors have established a case for the

microstructural electrical network as a possible explana-
tion of the UDR by employing a model ceramic-water
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system, there remains the need to investigate the
application of this model to a variety of other materials
and composites. One indicator that this microstructural
network approach is plausible is whether power law
dispersions occur at frequencies where the admittance of
the dielectric phase weg, is similar to that of the
conductive phase ¢. A difficulty in making this assess-
ment is that the actual conductivity of the conducting
phase within a solid is often unknown. As an example,
for the yttria doped zirconia in Fig. 15 the permittivity
of the insulating ZrO, host phase is known but the
effective conductivity of the oxygen vacancies is
unknown. What is known is the low frequency plateau
in conductivity ¢ (0), that is considered to be the dc
conductivity of the material. In the PZT-water system
an independent measurement of the conducting phase
(water) conductivity has been made. The authors’ data
show the percolation conductivity of this water through
the PZT pore system to be a factor ~20 smaller than
that of the actual water in the pores (compare the low
frequency plateaus in Fig. 4b and c¢). The authors
suggest that this factor is used to gain an order of
magnitude estimate of the actual conductivity in other
systems, i.e. in the equations above set 6=20¢ (0). This
observation is in agreement with Archie’s law'® for the
determination of dc conductivity of water saturated
rocks, equation (10)

3(0) = yaterd (10)

where oyaer s the conductivity of the water, ¢ is the
porosity level and d is a constant (typically ~2). From
equation (10), using a PZT density of 78% (¢=0-22) and
d=2, the water conductivity is estimated to be 20-7a (0).

Once the conductivity of the conductive phase has
been estimated using =200 (0), the critical frequency at
which the admittances of the two phases are equal needs
to be determined. It can be seen from equation (5) that
Omeas=C0S (a/2)c when o=egqw. As the measured
conductivity power law exponent for many materials is

10
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found to lie in the range 0:6-0-8, cos (an/2)=0-5 and
Omeas=~0'50=100(0) at the critical frequency. The
frequency at which the ac conductivity has increased
to 100(0) can be readily obtained from experimental
data in the literature and then compared with the
theoretical value calculated by setting wee,=a, i.e. f=
200 (0)/2mee,. This introduces the host relative per-
mittivity &, a quantity that is usually available from
independent measurements. Values of the measured and
calculated frequencies, obtained from published data
for a variety of heterogeneous ceramic, glass, poly-
meric and composite conductors exhibiting the UDR
over a wide frequency range are listed in Table 1. The
potential conductive and host insulating phases of these
systems are also indicated. The experimental and
calculated characteristic frequencies are compared in
Fig. 6 and although exact matches are not expected, the
overall correlation between the two frequencies is

Table 1 Data used to compare experimental and theoretical critical frequencies
Frequency
(100 (0)) Frequency
experimental, (200 (0) /2neeq)
System Conductive phase o (0), Sm™" Host phase Host ¢ Hz theoretical, Hz
Water-PZT Water (=013 S m™") 48x107% PZT 1500 1-2x10° 1:16 x 10°
The present work
Na -alumina Na ion channels 2:5x107°  Alumina 11 4x10° 81x10°
113 K (Ref. 20)
Na,0-3Si0, glass Na ions 4x107°8 SiO, 2 3x10° 72x10°
(Ref. 21)
LiCl.H,O Water 1x107° LiCl 4 6x10° 9x10°
—114°C (Ref. 22)
12 mol.-%Y,03 zirconia Oxygen vacancies 2x107'° 7O, 22 8 32
(100°C)
60°C (Ref. 8) 5x107 12 22 02 0-08
Carbggn black in thermoset ~ Carbon black 25x1072  Epoxy 35  3x10° 2:6x10°
resin
Carbon nanotube Carbon nanotube 09x10°®  Epoxy 35 1x10° 9:3x 10*
(0:05 wt-%) in epoxy®*
Poly(hydroxyethyl acrylate) ~ Water 09x10™* PHEA 3 3-2x 107 1-1x 107
hydrogel (PHEA)?®
(297 K, 0-32 g water/g)
Nylon 11 (100°C)?® Protons and impurity ions  1x 1078 Nylon 11 3 17 x10° 1-2x10°
Polypyrole-polyoxyphenylene Polypyrole conducting 35x10°®  Polyoxyphenylene 27 1x10° 46x10°
composite (150 K)?7 polymer
Whitestone-salt water®® Salt water (6=093 Sm™") 0:06 Whitestone 75  >1GHz 2:9x10°
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strong. It is interesting to compare our PZT-water
results with the whitestone—salt water data in Fig. 6.
Because salt water has a high conductivity and white-
stone has a small permittivity, it is not unexpected that
higher frequencies (>1 GHz) are required to satisfy the
condition o=¢gym and observe the frequency dispersion.

Conclusions

The universal dielectric response has been related to the
emergent response of random resistor—capacitor net-
works. The microstructure of heterogeneous materials is
considered to form an electrical network and that it is
the electrical response of the network that accounts for
the observed power laws. Because microstructural
heterogeneity is a common feature of many materials,
such as the ceramics and composites of Table 1, this
approach is also able to account for the ubiquity of the
UDR. A simple formula to predict frequency dependent
ac conductivity and permittivity is proposed in which all
parameters (component conductivity, permittivity and
composition) are independently testable. Excellent
agreement with a model PZT—-water system is observed,
with a strong correlation with many other ceramics,
glasses and composites (Table 1). The modelling
approach could be used as a simple and effective tool
for designing materials with tailored frequency depen-
dent dielectric properties.

It is possible that many of the characteristics of the
UDR can be related to the response of the micro-
structural electrical network, particularly at the critical
frequency when the admittance of the host phase wee, is
comparable with that of the conducting phase in the
material ¢. The low frequency plateau, the power law
regime and the linear frequency regime, which are
observable in many heterogeneous materials, originate
from its microstructural network. Indeed, it has been
considered'® that ac conductivity is best fitted by the
sum of two power law components, such that ¢ (w)=
0 (0)+ Ao+ A’w. The authors’ interpretation is that
the o (0) component corresponds to the low frequency
plateau when currents percolate through the conductive
phase (o> wegg), the Aw” corresponds to intermediate
frequencies when the currents flow through the whole
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microstructural network o=wegy,, and the final A’w
component corresponds to the high frequency, response
when currents begin to percolate through the dielectric
phase (o< weg).
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